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The aim of this work is to investigate on trajectory planning and control of cable-driven par-
allel robots to improve the system performance. Stiffness and dexterity are the performance
indices widely used in design and control of robotic systems.
No previous work on adaptive cable-driven systems has discussed how to control the posi-
tion of the pulley blocks to achieve optimal dexterity and stiffness. Considering a quasi-static
motion of the end-effector, we neglected the active stiffness of the system and proposed pul-
ley blocks trajectory planning strategies that maximize dexterity and elastic stiffness indices
simultaneously for some cases of adaptive cable-driven designs by taking advantage of the
increased redundancy.
For non-adaptive design of cable-driven parallel robots, it is impossible to change the dex-
terity and elastic stiffness indices for a certain position of end-effector due to fixed orienta-
tion and length of cables; however, active stiffness can be modified by changing the tension
in cables. Tension increment can be desirable due to stiffness augmentation, higher trajec-
tory tracking performance, more precise motion and disturbance rejection; however, it can
increase power consumption, and saturation in actuators may occur. Usually, cable tension
distribution methods work based on a fixed minimum tension in cables. Such values are cho-
sen through experiments to gain the desired trajectory tracking performance of the system,
considering capability of actuators at the same time.
To improve the system performance we proposed Dynamic Minimum Tension Control
(DMTC) method. In this approach, the minimum tension is changing on-the-fly according
to stiffness, dynamics of the system, and error values as feedback. We used a simple test
bed to compare traditional fixed minimum tension utilization, and the proposed approach.
Experimental results showed that the DMTC is more efficient than traditional approaches in
terms of accuracy and energy consumption.
Also an appropriate control algorithm can improve the system performance. The lin-
ear quadratic optimal control can play an important role in controlling cable-driven parallel
robots by providing all the states of the system for the feedback, including velocity and posi-
tion, in addition to optimal results. A linear quadratic optimal controller was designed and
tested. The significant experimental results are presented and discussed.
Keywords:
adaptive cable-driven robots, performance indices, transverse vibration, dynamic minimum
tension control(DMTC), linear quadratic optimal control
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Riassunto
L’obiettivo di questo progetto è di investigare la pianificazione di traiettoria ed il controllo di
robot paralleli a cavi al fine di migliorare le prestazioni del sistema. Rigidezza e destrezza sono
indici di prestazione ampiamente utilizzati del progetto e controllo di sistemi robotici.
Allo stato dell’arte, non esistono lavori relativi a sistemi a cavi adattativi riguardanti il con-
trollo della posizione delle pulegge per ottenere indici di rigidezza e destrezza ottimali. Con-
siderando un moto quasi-statico dell’organo terminale e trascurando la rigidezza attiva del
sistema, è stato possibile proporre strategie di pianificazione di moto delle pulegge che mas-
simizzino gli indici di destrezza e rigidezza elastica. E’ stato possibile massimizzare simul-
taneamente tali indici per alcuni casi di robot a cavi adattativi sfruttando la ridondanza dei
sistemi analizzati.
Per il progetto di robot a cavi paralleli non adattativi, è impossibile cambiare gli indici
di destrezza e di rigidezza elastica per una certa posizione dell’organo terminale a causa
dell’orientazione e della lunghezza dei cavi fissata; comunque, la rigidezza attiva può es-
sere modificata cambiando la tensione dei cavi. L’incremento della tensione dei cavi può
essere desiderabile a causa dell’aumento di rigidezza, del miglioramento delle prestazioni di
inseguimento di traiettoria, più precisamente movimento e risposta ai disturbi; tuttavia, può
aumentare il consumo energetico e portare a saturazione gli attuatori. Tipicamente i metodi
di distribuzione delle tensioni operano mantenendo costante il valore di tensione minimo da
applicare ai cavi. Tali valori sono scelti attraverso esperimenti per raggiungere le prestazioni
di inseguimento della traiettoria desiderata, considerando anche le capacità degli attuatori.
Per migliorare le prestazioni del sistema, viene proposto un metodo dinamico di controllo
delle tensioni minime (DMTC). In questo approccio è possibile variare la tensione minima in
tempo reale sulla base della rigidezza, della dinamica del sistema e del valore dell’errore ot-
tenuto come feedback. Attraverso un semplice apparato sperimentale, è stato possibile con-
frontare il metodo tradizionale di distribuzione delle tensioni basato sulla tensione minima
fissa ed il metodo proposto. I risultati sperimentali hanno mostrato che il metodo Dinamico
di Controllo delle Tensioni Minime risulta più efficiente rispetto all’approccio tradizionale in
termini di accuratezza e consumo energetico.
Inoltre, un appropriato algoritmo di controllo può migliorare le prestazioni del sistema. Il
controllo ottimo lineare quadratico riveste un ruolo fondamentale nel controllo di un robot
a cavi parallelo fornendo tutti gli stati del sistema per la retroazione, incluse velocità e po-
sizione, in aggiunta ai risultati ottimali. Un controllo ottimo lineare quadratico è stato pro-
gettato e testato. I risultati significativi sono quindi stati presentati e discussi.
Parole chiave: robot adattativi a cavi, indici di prestazione, vibrazioni trasversali, metodo





In the recent past, many research works have been published on cable-based systems, re-
flecting the considerable interest of the researchers in this area. Cable-Driven Parallel Robots
(CDPRs) use cables to control the end-effector (EE) pose, strengthening classic advantages
characterizing closed-chain architectures, like large payloads, high dynamic performances,
better efficiency, etc., while providing peculiar advantages, such as very light weight, large
workspace, reduced manufacturing and maintenance costs, superior modularity and recon-
figurability [1]. Moreover, CDPRs can be easily shaped and adapted to fit certain application
or performance requirements, showing greater flexibility with respect to traditional robot de-
signs [2]. In this section, a brief introduction to cable-based systems is presented.
1.1 Application
The application of cable-driven systems has risen significantly. One of the first application
of cable systems is RoboCrane [3]. It uses the basic idea of the Stewart platform parallel link
manipulator and cables. The NIST RoboCrane has the capacity to lift and precisely manip-
ulate heavy loads over large volumes with fine control in all six degrees of freedom. Also,
NIST developed an advanced RoboCrane controller. The graphic off-line control capability of
this controller made programming of numerous controllers easy and fast [4]. Recently, a new
cable-driven system for transportation of loads in industrial area has been developed which
1
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Figure 1.1: a. The NIST RoboCrane [4], b. Cogiro (The Europe biggest cable-driven parallel
robot) [5]
is called CoGiRo [5]. It is the Europe biggest cable-driven parallel robot with a crane-like con-
figuration. It can be controlled with a manual operation mode via joystick. The RoboCrane
and Cogiro are shown in Fig. 1.1.
Kawamura et al. [6] presented a new ultrahigh speed robot design, FALCON-7 which is a
cable- driven parallel system. They showed that the use of wires with nonlinear spring charac-
teristics improved the system transient response, but it also complicated the study of stability.
Their experimental results showed stable manipulator performance. In their new study [7],
an effective method based on using internal force of cables was proposed to reduce vibration.
Yangwen et al. [8] made a new wire-driven parallel suspension system for airplane model
in low-speed wind tunnel, and studied the methods to measure and calculate the aerody-
namic parameters of the airplane model. The research results validated the feasibility of using
a wire-driven parallel manipulator as the suspension system for low-speed wind tunnel tests.
Gosselin et al. [9] presented a 3-DOF cable-driven planar parallel haptic interface. The
control of the prototype developed in this work was based on the use of the force/torque
sensor to infer the intentions of the user and to calculate corresponding prescribed poses. To
limit the forces involved, the platform of the prototype of haptic interface was manipulated
with the hands. Gallina et al. [10] developed a 4-wire driven 3-DOF planar haptic device
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Figure 1.2: a. A wearable upper arm exoskeleton for human users [13], b. A design of a cable-
driven active leg exoskeleton (C-ALEX) for human gait training [14]
called Feriba-3.The device demonstrated to be a well-performing haptic device, ensuring a
good manipulability in a large workspace.
Many researchers have used cable-driven systems to design more efficient medical de-
vices. Rosati et al. [11], [12] developed a three degrees-of-freedom (DoF), wire-driven robot
for poststroke upper-limb rehabilitation (NeReBot). Basically, the robot consists of a set of
three wires independently driven by three electric motors. The wires are connected to the
patient’s upper limb by means of a splint and are supported by a transportable frame, located
above the patient. By controlling wire length, rehabilitation treatment (based on the passive
or active-assistive spatial motion of the limb) can be delivered over a wide working space.
Brackbill et al. [13] proposed a cable-driven exoskeleton. The dynamics, control, and pre-
liminary experiments on a wearable upper arm exoskeleton intended for human users with
four degrees-of-freedom, driven by six cables was presented. Cable-driven systems are used
in rehabilitation devices, which yield some benefits (Fig. 1.2.a). A design of a cable-driven
active leg exoskeleton (C-ALEX) for human gait training was proposed in [14]. The advan-
tages of cable-driven designs are that they have a simpler structure, add minimal inertia to
the human limbs, and do not require precise joint alignment. The results of their experiments
showed that the proposed sysmtem is capable of helping the subjects better track a prescribed
ankle path (Fig. 1.2.b).
In another study [15], the possibility of using a cable-driven system to train subjects oper-
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ating a laparoscopic tool was investigated. A cable-driven system was developed to help the
tip of the laparo-tool to stay on a desired trajectory. An experiment was conducted with the
system to test training subjects with a simple trajectory following task with the laparoscopic
tool. The result of the experiment showed that the subjects were able to better perform the
task after training with the robot .
A rapidly deployable cable robot to augment search and rescue mobile robots was pro-
posed in [16]. This system can greatly increase the range of mobile robots as well as provide
overhead views of the disaster site, allowing rescue workers to reach survivors as quickly as
possible while minimizing the danger posed to rescue workers. In addition to the system
concept, they presented a novel kinematic structure for the cable robot. Merlet et al. [17] pro-
posed an innovative fully autonomous parallel wire crane. Their design had the flexibility for
managing the location of the anchor points of the cables on the ground and on the platform.
The possibility of partial platform location control through the management of the kinemat-
ics with less than 6 cables was considered in this robot. This device can play an important role
in rescue operations by providing quickly a heavy lift ability in environment.
Five hundred meter aperture spherical radio telescope (FAST) was built consisting a light
focus cabin (end-effector) driven by cables and servomechanism plus a parallel robot as sec-
ondary adjustable system to carry the most precise parts of the receivers for astronomical
observation [18] (Fig. 1.3.a). Pott et al. [19] introduced a family of cable-driven parallel robot
called IPAnema that are designed for industrial processes. They addressed the system archi-
tecture, key components such as winches and controller, as well as design tools. Furthermore,
some experimental data from the evaluation were presented to illustrate the performance of
cable robots.
Recently, a new cable robot simulator was developed at the Max Planck Institute for Bi-
ological Cybernetics. CableRobot Simulator [20] is an advanced virtual reality simulator. In
the cable-driven simulator, the motion of the simulator cabin is controlled by eight unsup-
ported steel cables attached to winches. In contrast to conventional motion simulators, the
use of cables makes it possible to reduce the moving mass and to scale the workspace to any
required size (Fig. 1.3.b).
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Figure 1.3: a. Five hundred meter aperture spherical radio telescope (FAST) [18] , b. CableR-
obot Simulator developed at the Max Planck Institute for Biological Cybernetics [20]
Figure 1.4: A cable-suspended camera system [23]
Cable-suspended camera systems are widely used in stadiums and arenas. They usually
feature four motorized winches, each connected to the end-effector (i.e., the camera) with
a cable passing through a fixed idle pulley [21]. Such systems consist of three major compo-
nents: the reel—the motor drive and cables, the spar—the counterbalanced pan and tilt video
camera, and central control, the computer software used by the operator to fly the camera
[22]. (Fig. 1.4)
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1.2 Design
A complete review of cable-driven systems design can be found in [24] which is presented
in this section. In the past years, the employment of cables in robotics gave rise to a variety
of design solutions. Basically, cables may work in conjunction with a rigid-link structure by
actuating the kinematic chain, or may substitute traditional rigid-link structures, by directly
acting on a rigid body (i.e., the moving platform or end-effector). In both cases, the motors
may be mounted at the base of the manipulator, thus reducing the inertial load.
Cable-driven serial link structures (Fig. 1.5) are often used in planar devices (e.g. [25],
[26]). Even though hybrid solutions have been developed where a parallel chain made by ca-
bles is employed to actuate the serial structure [27], [28], the commonly adopted layout is the
one having each cable passing through the previous joints before reaching the corresponding
rigid link (e.g. [29]). Thus, it may be an issue to guide cables around the joints in 3D applica-
tions. The problem can be tackled by using bowden cables [30], [31], however, this solution
increases friction, which must be compensated by control. Prototypes of this class of manip-
ulators have been recently presented in the field of rehabilitative robotics [32]. Determining
the controllable workspace of generic cable-driven open chains still remains an open ques-
tion, even though a novel study has recently been published, which deals with this topic [33].
Parallel rigid-link chains that are driven by cables have been designed as well (Fig. 1.6). These
designs present a further advantage, as the load can be distributed among the actuators [34],
[35].
This work focuses on cable-based parallel robots, i.e., those devices where a single rigid
body, called the end-effector, is directly supported by cables. Traditionally, each cable is ac-
tuated by an independent motor, which controls the cable length and tension. Besides the
actuated cables, a set of passive, fixed-length wires may also be installed to constrain the
movements of the platform [34].
A main difference between cable-based parallel systems and common parallel robots is
that cables can only carry tension forces. This characteristic is usually referred to as unilateral
actuation. The use of elements capable of exerting unilateral forces has many implications.
First of all, having the number of actuators greater than the number of DOFs forces the de-
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Figure 1.5: Two examples of cable-driven serial link structures: a. the Wearable cable-driven
upper arm exoskeleton [29]; b. the Biologically Inspired Cable-Driven Robotic Arm [30].
Figure 1.6: Haptic display consisting of a parallel rigid-link structure driven by cables [35].
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signer to employ algorithms that seek a feasible tension distribution for any given wrench.
Secondly, unlike traditional rigid-link devices, the workspace does not depend on geomet-
ric constraints solely. Indeed, the workspace wherein the mobile platform is controllable is a
function of both the cables configuration and of the allowable range for the cable tensions.
As it will be discussed in the following section, the analysis and optimization of the workspace
is a major topic in the related Literature [34]. The broadest definitions of workspace (e.g. ”the-
oretical” [35], ”force-closure” [36], ”statics” [35], ”controllable” [37] or ”useful” [34] workspace)
are purely geometrical. These depend on cable disposition only and are related to the capa-
bility of exerting arbitrary wrenches at end-effector. Other workspaces may be depened as
subsets of the previous ones, by introducing additional requirements (e.g. cable tension con-
straints, required set of wrenches or accelerations, etc.).
Definitnition We define the workspace of a cable-based system as the set of end-effector
poses in which the system is manipulable [38]. A cable-based system is manipulable at a given
configuration if any wrench can be exerted with only positive tensions on cables 1.
A necessary and sufficient condition for a cable-based robot to be manipulable was first
investigated by Y. Shen e H. Osumi [41], who stated that a rigid body with m DOFs can be
manipulated by at least n = m+ 1 cables if and only if the structure matrix S.2, that maps the
vector of cable tensions to that of the exerted wrenches is full rank, and there exists a vector
α ∈ ker (S)s.t .(α> 0)∨ (α< 0).
Cable-driven parallel robots can be classified into Incompletely Restrained Positioning
Mechanisms (IRPMs, n ≤ m + 1), Completely Restrained Positioning Mechanisms (CRPMs,
n = m+1 ), and Redundantly Restrained Positioning Mechanisms (RRPMs, n > m+1). This
classification derived from a previous notation by Ming and Higuchi [42]. IRPM are not ma-
nipulable by means of the forces exerted by the cables. Indeed, they relies on an external force
to keep the cables stretched, which can be provided by dynamics, gravity, or an extra actua-
tor/spring. The definition of tensionability was introduced to address the aptitude of an IRPM
to remain in tension under any loading, with a large enough ballast force [39].
1Other authors used different, equivalent terms to denote the condition of manipulability (e.g., tensionability
[39] and controllability[40])
2The transposed Jacobian matrix of a cable-based parallel manipulator is usually denoted as the structure
matrix in the Literature.
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Clearly, knowing the workspace of the system and its force exertion capabilities is crucial
for planning even basic tasks. Unfortunately, close-form definitions of the workspace bound-
aries are available for specific classes of devices only [43]. The common tools to investigate
general designs are numerical algorithms. In [44], a distinction is pointed out between dis-
crete and continuous numerical algorithms.
In the former approach, the feasible range of values for each design parameter is dis-
cretized into a set of values. A superset of the target workspace (usually a spatial box) is also
discretized into a grid of equally spaced points. Then, for each combination of the design
parameters, a certain performance index is computed in each point of the grid. The result-
ing optimal design is the one yielding the maximum average value of the performance index
[45]. Sometimes the number of points belonging to the controllable workspace is employed
instead of a specific performance index.
Discrete algorithms are generally unable to detect singularities and require higher com-
putational times as the resolution of the grid is incremented. To overcome these issues, con-
tinuous algorithms based on the interval analysis have been recently proposed. A detailed
review on these approaches is presented in [44].
Roughly speaking, motors number and locations must be chosen carefully, in order to
achieve the desired controllable workspace: otherwise forces exertion will be strongly re-
duced both in magnitude and allowable directions, despite of the sizes of the motors and
the number of cables. Besides workspace optimization and positioning accuracy, the control
system may be another major issue, since cables must always be kept in tension. Cable inter-
ference and disturbances due to friction in pulley-block 3 rollers increase the complexity of
the control architecture as well.
1.3 Adaptive Cable-Driven Parallel Robots
Adaptive cable-driven parallel robots are defined as those cable-driven systems wherein the
locations of one or more pulley blocks are controlled as a function of the end-effector pose
3The term is used throughout this thesis to indicate a pulley and the set of devices required to control its
position and the exerted torque (e.g., motor, gearboxes, idle pulleys, feedback sensors, etc.).
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Figure 1.7: a. Adaptive and b. Traditional design of four-cable, 3-DOF cable-driven parallel
robot, c. Dexterity index for the traditional design [2]
to optimize given performance indices within a target workspace [2]. Fig. 1.7.d depicts an
adaptive design of 3-DOF planar cable-driven system and a traditional 3-DOF cable-driven
parallel robot is shown in Fig. 1.7.b.
Due to the augmented kinematic redundancy, such systems enable higher performance
compared to traditional designs with fixed cable entry points and equal number of cables.
This feature can be quite beneficial in several applications. For example, cable-suspended
camera systems are widely used in stadiums and arenas. They usually feature four motorized
winches, each connected to the end-effector (i.e., the camera) with a cable passing through
a fixed idle pulley. The use of adaptive cable-driven system in this scenario would increase
dexterity and stiffness throughout the workspace volume, thus making the device more robust
to adverse weather effects (e.g., wind gusts) and to collisions with external objects (e.g., a ball),
which may cause failures in these systems [22].
Rosati and co-workers proposed the use of movable pulley-blocks to increase the workspace
area and the maximum isotropic force in 2-degree-of-freedom (DOF) cable-driven parallel
systems [46]. They presented a method to keep the end-effector in the best part of the work-
ing space by properly moving the pulley-blocks. They applied their novel design concept to
different planar point-mass cable-driven robots, with one or more translating pulley-blocks.
The maximum feasible isotropic force, and dexterity were employed to compare the perfor-
mances of different configurations. Fig. 1.7.c shows the contour lines of reciprocal dexterity
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index for the traditional design of Fig. 1.7.b. The reciprocal dexterity index is changing be-
tween 0 and 1 for this design; however they showed that the adaptive design is capable of
keeping ideal dexterity (dexterity index is alwys 1) in all the workspace.
The same authors later formalized a new design method for such systems, which enables
to determine the optimal trajectory planning of the moving pulley blocks given a target level
of performance and a workspace area [2]. They also validated this method experimentally
through the first prototype of adaptive cable-driven robot, named Sophia-3. Their results
from the first experiment conducted on a group of healthy subjects confirmed the feasibility
of the semiadaptive design; the implemented force field was capable of significantly improv-
ing users’ performance in terms of movement accuracy and execution time [47].
Zhou et al. [48], [49] introduced the cooperating mobile cable robots, a type of payload
cable-driven manipulators. They proposed a generalized modeling framework for system-
atic design and analysis of cooperative mobile cable robots, building upon knowledge base
of multi-fingered grasping, and illustrated it with a case study of four cooperating gantry
mounted cable robots transporting a planar payload. They showed its wrench closure workspace
and reconfiguration to extend the workspace, as well as redundancy resolution by optimally
repositioning the bases to maximize tension factor along a given trajectory. They used mo-
bile pulley blocks to increase flexibility and to maximize the ratio between the minimum and
the maximum cable tension (i.e., the tension factor) along a desired trajectory. Based on this
concept, they designed a planar system with three cables routed to the end-effector [50]: the
extremities of each cable were fixed on a double-slider moving along the side of an equilateral
triangle.
The same authors later proposed the design of a compliant mobile robot with springs con-
nected in series to cables to achieve optimal stiffness [51]. They presented a elastic mobile
cable robot and explored the modulation of its task space stiffness via both internal tension
as well as utilizing the configuration redundancy. It was shown the kinematic redundancy al-
lows for wider range of control over the Cartesian stiffness matrix than utilizing only internal
tensions. They have shown that the stiffness can be actively modulated along a desired trajec-
tory for better positioning accuracy. In this prototype, the vibration induced by the springs,
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coupled with parametric uncertainties could not be controlled efficiently.
Several groups studied spatial reconfigurable cable-driven systems. Rosati et al. [52], [53]
presented a 5-DOF spatial cable robot for post-stroke rehabilitation. This system features
wires connected to moveable links to enhance the workspace. The study revealed statistically
significant benefits of robotic therapy in persons with stroke-related paralyzed or paretic up-
per limb.
Nguyen et al. [54], [55] introduced a spatial reconfigurable cable suspended robot for lift-
ing and transferring heavy loads. They proposed a 6-DOF mobile platform of the CDPR, which
was driven by 8 cables and two overhead bridge cranes. Their algorithm for reconfiguration
solves an optimization problem, using power consumption and the displacement of the mov-
ing pulley-blocks as cost functions. By minimizing the sum of the cable tensions, the cable
exit points were moved to the positions, where the cables were as vertical as possible while
balancing the mobile platform weight.
Gagliardini et al. presented a spatial reconfigurable cable robot for sandblasting and paint-
ing of large structures [56]. To reconfigure the CDPR from one side of the structure to another
one, they proposed one or several cables to be disconnected from their current anchor points
and moving to new ones. They minimized the robot size as well. Later, they proposed an op-
timization method to minimize the number of reconfigurations as well as the reconfiguration
set-up time [57].
1.4 Cable-Based Devices at DTG
In this Section, the robotic devices developed at the Robotics, Mechatronics and Rehabrobotics
Labs of DTG (The Department of Management and Engineering, University of Padua, Padua,
Italy) are introduced using [24].
1.4.1 General-Purpose Haptic Displays
The Feriba3 [10], [38], depicted in Fig. 1.8.a, is a 4-wire planar CRPM with a circular end-
effector and a square-shaped workspace. It was designed to be used as a general-purpose
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Figure 1.8: The desktop-like, general-purpose haptic displays designed at DTG: Feriba3 [10],
[38] (a) and Piroga5 [58], [59], [60] (b).
haptic display, i.e., a device capable of reproducing real and virtual environments by exerting
a variable mechanical impedance to the user’s hand. It exploits 4 driven cables to generate 3
generalized forces on a round-shaped end-effector. The end-effector position is imposed by
the operator, who perceives the force-feedback from the device. The direction and amount of
force reflected depends on end-effector position and on the specific remote or virtual envi-
ronment represented.
Each wire is fixed to the lateral side of the circular end-effector (named spool) and can
wind around the end-effector. The other end of the wire is wound around a pulley, that is
directly keyed on the shaft of a DC motor. Each pulley-block provides tension in the corre-
sponding cable up to fmax = 10N . The motors are mounted on a steel base at the vertices of a
square (l = 450mm).
The spool consists of a lower disc-shaped base and an upper circular handle that are con-
nected by means of a universal joint, so as to avoid transmission of dumping moments. To
minimize the spool friction, a sheet of glass is fixed on the base and a flux of compressed air
is blown towards the glass through a series of little holes drilled in the lower side of the spool.
This solution, together with the selection of low rolling-friction motors, aims to reduce the
mechanical impedance perceived at the end-effector, thus improving the haptic transparency
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obtained at the end-effector. The base of the end-effector and the pulleys have the same
winding radius r = rp = 30mm: this feature ensures a simple, closed-form forward kinematic
algorithm, avoids cable/end-effector interferences and has favorable consequences on the
performances of the device, since two force components and one moment can be generated
independently on the end-effector, regardless its position in the working space.
PiRoGa5 is a cable-driven 5-DOF haptic display, with a pen-like shaped end-effector [58],
[59], [60]. Six wires are attached to the end-effector, three to each end-point of the pen(Fig.
1.8.b). Each wire is tensioned by a motor-pulley direct drive system. Pulley radius is 15mm:
this value represents a trade off between the maximum force each wire can exert and the
transparency of the haptic display.
The operator is able to move the end-effector along six DOFs; nevertheless, the control
system is able to apply only five generalized forces to the pen (three forces and two torques),
since wire configuration prevents the system from generating any torque along the pen axis.
Each wire is forced to pass trough a PTFE eye-bolt: odd and even eye-bolts belong to two
different parallel planes. On each plane, the three corresponding connections to the ground
represent the vertexes of an equilateral triangle.
The force generated by the three wires connected to the each extremity of the pen belongs
to the pseudo-pyramid formed by the same wires: hence, the total wrench acting on the end-
effector is given by the composition of two such forces. Accurate machining leads one to
consider the three wires meeting on the pyramid vertex, so that forward kinematics and wire
tension computation can be carried out in closed form.
The wire-driven architecture leads to a very simple and light mechanical structure, low
costs and high transparency. The main drawback is that with six actuators, only five general-
ized forces can be generated on the end-effector. Correspondingly, the control system is not
able to detect end-effector orientation along its main axis.
1.4.2 Robots for the Rehabilitation of the Upper-Limb
Both the Feriba3 and the Piroga5 were not specifically conceived for rehabilitation purposes,
and were used for laboratory tests, both in the field of haptic teleoperation and in the simu-
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lation of virtual environments. In the following, three cable-based devices specifically con-
ceived for the treatment of post-stroke patients will be discussed: the NeReBot, the MariBot
and the Sophia-4.
The NeReBot (NEuro REhabilitation roBOT) employs 3 cables to sustain and move the
forearm of the patient during the rehabilitation treatment. The device is easily transportable,
and represents a good compromise between robot simplicity and range of motion.
The NeReBot is shown in Fig. 1.9.a. The robot is composed of a wheeled base and a man-
ually adjustable overhead structure, from which the wires originate. Three driven wires are
used to sustain a splint on which the forearm of the patient is fastened [61], [11]. The ex-
ercise can be recorded by using a very simple teaching-by-showing procedure: the therapist
moves the patient’s arm through a set of via-points, which are recorded by the machine learn-
ing phase); after this, the control system generates joint-interpolated trajectories for the three
motors which control the wires. As a result, a very smooth and comfortable motion of the up-
per arm is obtained (therapy phase. During NeReBot-assisted therapy, the upper limb of the
patient is a 5-DOF kinematic chain constrained by three unidirectional actuators only. Hence,
the whole system still have 2 DOF [12]. This gives a very good sensation to the patient, who
never feels to be restrained by the machine.
The arm trajectories obtained with the NeReBot have been evaluated by developing a sim-
ulation tool addressing the static interaction between the human arm and the robot. By ex-
tensively using this simulation tool, a set of optimal configurations of the adjustable overhead
structure has been identified. In this way, machine set-up can be optimized according to the
specific rehabilitation exercise [11], [12].
This device was tested in two randomized controlled trials (RCT) that gave encouraging
clinical results [62], [11], [53]. These results also demonstrated that even a simple, low-cost
transportable machine can be very effective in the rehabilitation of post stroke patients.
Some limitations of the NeReBot came up during first clinical trials. Mainly, since the wires
originate from a fixed overhead structure, the NeReBot has a good vertical range of motion,
but less control of movements in the horizontal plane. To overcome this and other limitations
of the first prototype, a new machine was developed, named MariBot [63], [52].
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Figure 1.9: The desktop-like, general-purpose haptic displays designed at DTG: Feriba3 [10],
[38] (a) and Piroga5 [58], [59], [60] (b).
The MariBot (MARIsa roBOT) is shown in Fig. 1.9.b. The basic principles from which the
NeReBot was designed were maintained. However, the manually adjustable overhead struc-
ture was replaced with a controlled 2-DOF serial robotic arm. In this way, wire configuration
can be changed during therapy, according to the horizontal motion of the upper limb of the
patient. As a result, the working space was improved, encompassing nearly the whole range
of motion of the human arm. Moreover, the MariBot does not need to be set-up before the
beginning of therapy. Also, the weight of the robot has been reduced significantly, by using a
commercial li.ing device as base structure to build the robot. The MaRiBot is currently under-
going lab tests and clinical trials will start in the next future.
Sophia-4 (String Operated Planar Haptic Interface for the Arm-rehabilitation) was con-
ceived for the rehabilitation of chronic patients, and came up as an evolution of the general
purpose haptic display FeRiBa3.
The prototype is depicted in Fig. 1.10. Two major aspects were considered in the early de-
sign of the device: workspace shape and force capabilities. The dimensions of the workspace
were calculated considering the dimensions of the patient’s body [64] and his/her sitting pos-
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Figure 1.10: The desktop-like, general-purpose haptic displays designed at DTG: Feriba3 [10],
[38] (a) and Piroga5 [58], [59], [60] (b).
ture. The length of the lower base of the trapezoidal layout was determined based on the aver-
age shoulder distance of adult males, thus allowing the patient to lean his/her elbows outside
the lower pulley-blocks during robot therapy. The manipulability index was employed to ad-
just the force capabilities of the machine to the requirements [65], [66].
A commercial office table constitutes the mechanical structure of Sophia-4. The patient,
while sitting on a wheelchair, holds a handlebar-grip that can be moved over a flat horizontal
surface, sliding on low-friction PTFE discs. Four nylon cables are used to exert forces at the
end-effector, each having one end fixed to a point on the axis of the grip, and the other directly
keyed to a direct-drive pulley.
Pulley-blocks which can spin around a vertical axis are used to pass cables underneath
the table surface, where the DC motors are mounted. The cables are all attached to a single
point of the end-effector, so the device is capable of exerting only horizontal pure forces on
the patient’s hand. The handlebar-grip itself is mounted on the base of the end-effector by
means of a ball bearing, in such a way that no moment can be transmitted to the patient’s
hand along the vertical axis.
A real-time high-level controller manages the type of assistance to be given to the patient,
while a low-level controller is responsible for kinematics, force distribution algorithms and
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The aim of this research is to investigate on trajectory planning and control of cable-driven
parallel robots to increase the performance. Stiffness and dexterity are the most important
performance indices used in design and control of robotic systems. Also employing an ap-
propriate high-level control algorithm can increase the system performance. In this chapter,
the main research studies related to stiffness, vibration, cable tension distribution and con-
trol algorithms are reviewed and the contribution of this work to increase the performance of
cable-driven parallel robots is presented in the last section.
2.1 Stiffness and Vibration
Poor stiffness may result in vibrations, which can lead to some problems, specially in appli-
cations requiring high bandwidth or stiffness [68]. A large number of studies have been per-
formed to assess the stiffness and vibration of cable-driven parallel robots. The main focus
of many studies was dedicated to gain a stiffness matrix under different assumptions, such
as neglecting the cable mass while discussing on stability of cable-based manipulators. Be-
hzadipour et al. [69] introduced a new approach to derive the total stiffness of parallel cable-
driven robots. They categorized the total stiffness of a cable-based parallel manipulator to
two different stiffness matrices. The first one is representing the cable stiffness and a part of
the cable forces effects. The second one is a rotational stiffness and caused only by internal
20
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forces which may be unstable even if the manipulator is rigid.
However, it has been pointed out that when the cable mass is considered, the effect of
tension in cables on the stiffness of the robot is high. Arsenault [70] considered the cable
mass and showed that the sagging of the cables under their own weight influences the stiffness
heavily and proposed to keep a minimum level of cable tension to minimize the effect of cable
sagging. Moreover, no special idea about cable vibration wave can be gained by neglecting the
cable mass.
On the other hand, the stiffness of cable-driven robots is mostly studied in terms of longi-
tudinal vibration of the cables; however a cable with large longitudinal tension expresses an
increased transversal stiffness [71]. In many real applications of parallel cable-driven robots,
such as cable-suspended camera systems [21] and rehabilitation [11], transversal stiffness can
be a major issue which is directly linked to the average of the tension in cables, Izard et al. pro-
posed to increase the tension in cables to generate higher transverse stiffness [72].
Another group of research studies was focused on transverse vibration of an axially accel-
erating cable in different environments. Initially, the transverse vibration equation of a cable
in motion was derived by Miranker [73]. Later, equations were solved for the case of a special
velocity profile as a prescribed function of time, by means of converting the formulation to
the Mathieu equation [74].
Later, different conditions and equations were considered mostly solved by Galerkin method.
Zen et al. [75] derived the equations of motion with the extended Hamilton’s principle and dis-
cretized in the space domain with the finite element method. The stability of the system was
analyzed with the Floquet theory for cases where the transport velocity is a periodic function
of time. Direct time integration using an adaptive step Runge-Kutta algorithm was used to
verify the results of the Floquet theory. The presence of friction adversely affects stability, but
using non-zero spring stiffness on the guiding force has a stabilizing effect. They showed the
use of the finite element method and Floquet theory is an effective combination to analyze
stability in gyroscopic systems with stationary friction loads.
Chen et al. [76] explored the steady-state periodic transverse responses with their stabil-
ities of axially accelerating viscoelastic strings. Unlike previous studies, they assumed that
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longitudinally varying tension due to the axial acceleration was recognized in the model-
ing. A governing equation of transverse nonlinear vibration was derived from the general-
ized Hamilton principle and the Kelvin viscoelastic model on the assumption that the string
deformation is not infinitesimal, but still small. They applied the method of multiple scales
to solve the governing equation in the parametric resonances when the axial speed fluctua-
tion frequency approached the first three natural frequencies of the linear generating system
based on 1–3 term truncations.
Korayem et al. [77] studied dynamic analysis of an axially moving cable with time depen-
dent tension and velocity. They assumed that tension force and the moving speed are har-
monic. It is found that there exists a specific value of speed in which natural frequency of
the system approaches zero. This specific speed for such a critical condition is called critical
speed. They carried out the stability analysis for different sets of excitation frequency. In this
research, a comprehensive parametric study was carried out and effects of different parame-
ters like the moving speed and tension force on the responses were studied both in frequency
and time domain.
Zhang et al. [78] set up the nonlinrear equation of transverse vibration of an axially accel-
erating string under the consideration of harmonic fluctuations of initial tension and axially
velocity. They used the Kelvin model to describe viscoelastic behaviors of the material. Their
results showed that the convergence velocity of the complex-mode Galerkin method is higher
than that of the real-mode Galerkin method for a variable coefficient gyroscopic system.
No analytical solutions were proposed, and all studies implemented by numerical meth-
ods; however, there was no experimental data to validate the numerical results. One reason
for further investigation on cable stiffness in cable-driven robots is that recent studies intro-
duced novel approaches in cable robots design [2], [47] and control [79] which may take ad-
vantages of novel results on cable stiffness. In such studies, dynamical adaptation of robot ge-
ometry and control parameters is proposed, as means of increasing cable robot performance
and optimization.
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2.2 Cable Tension Distribution
In the case of over-constrained cable robots, where multiple sets of cable tensions can be
used to gain the same wrench at the end-effector, many researchers proposed different meth-
ods to find optimal tension distributions [80]. The most common approach consists in fixing
a constant value as the minimum tension needed in each cable, then finding a set of tensions
among those ensuring the desired end-effector wrench with at least one cable at minimum
tension [38]. The choice of the set of tension is usually made in according with an optimiza-
tion method.
Some researchers proposed linear programming to minimize sum of all tensions without
cable slack and violating the controllable workspace condition. Normally, the standard form
of linear program deals with a non-negative variables. So an algorithm can be introduced to
convert bound torque variables into non-negative variables. Optimal torque solutions can be
obtained using this method [81], [82], [83].
Moreover, quadratic programming methods for estimation of two-norm optimal tension
distributions were applied [84], [85], while Lim et al. [86] proposed a gradient projection
method and compared it with linear and quadratic programming. Also, a factor was intro-
duced to adjust the tension solution towards the upper or lower tension limits. Simulation re-
sults showed that the algorithm produces tension solutions that are continuous and smooth.
Furthermore, some other methods such as convex optimization for minimization of actu-
ator forces [87], minimization of p-norm [88], L1-norm optimization [89], and using pattern
of fingers grasp were proposed [90]. Pott compared different methods and defined weakness
of these algorithms, while suggested a modified closed form solution [80]. He showed that
no method is known that is real-time capable, covers the full workspace, delivers continuous
solution for control, and works for robot with arbitrary degree-of-redundancy.
These methods are based on a fixed minimum of cable tension value. Such value was
chosen through experiments to gain the desired path tracking accuracy of the system, con-
sidering capability of actuators at the same time. Higher minimum tension results in greater
stiffness, less vibration, and superior accuracy of motion [81], [91]. Recent studies proposed a
lower bound for stiffness to achieve a proper trajectory tracking [92], [51]; however, a feasible
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solution may not always exist. More recently, we introduced a method to dynamically change
the minimum tension in cables based on total wrench [79].
2.3 Control Algorithms
Applying a proper high-level control algorithm can result in higher performance of a system.
Several control schemes such as PID controller were proposed [79] for cable-driven parallel
robots. The PID control scheme is the most common control algorithm used in many appli-
cations, particularly in the industry, because of its simplicity. However, difficulties in tuning
the PID controller gains in the Cartesian cable robot were reported in [93]. They tuned the
PID specifically for each of the three Cartesian axis both for translations and rotations which
makes this operation more complex than for a PID in joint space. Furthermore, in case of
multiple challenges, the PID controller demonstrates low robust ability even if the gains are
well-tuned.
Other similar methods have been employed, such as the Robust PID for a translational
system with the minimum number of wires under a zero-gravity condition, and the robust-
ness of the control scheme against wire length error was demonstrated [94]. They proposed
a robust point-to-point (PTP) position control method in the task-oriented coordinates for
completely restrained parallel wire-driven robots, which are translational systems using the
minimum number of wires under zero-gravity conditions. In the cases where parallel-wire
driven robots are disassembled/assembled and used outdoors (also applied in space), actu-
ator positions would be uncertain or contain some errors. The error of internal force among
wires that results from such uncertainty of actuator positions deteriorates positioning perfor-
mance. To overcome such a difficulty, adaptive compensation was employed for robust PD
control against the error of internal force. They showed, not only does this robust PD con-
trol method ensure precise positioning using external sensors; it enhances the robustness for
uncertainty of the Jacobian matrix, which results from the error of actuator installation.
An adaptive PD [95] was proposed for controlling the suspended parallel robot, and the
task-space PD controller was found to exhibit better performance than the joint-space PD
controller. They presented a novel model independent task-space PD controller that ensures
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end-effector position and attitude tracking based on the quaternion algebra.
In another study, a Robust PD was used to control a cable robot with uncertain dynamic
equations. They have outlined the robust PD control using an uncertain Jacobian matrix
(called a wire matrix in this research study) for the CR translational system that uses the
minimum number of wires under zero-gravity conditions. The results showed that directly
measuring not only the position of the controlled object, but also the wire length, ensures
linearization of the internal force term. They showed the motion convergence to the desired
points, and discussed its robustness based on Lyapunov stability analysis. Results of their
experiments and simulations showed that the robust PD control with adaptive compensa-
tion is very useful for the case using the uncertain wire matrix. Furthermore, its robustness
against wire length error was demonstrated. Suitable tracking performance was shown in ex-
periments of a three degree-of-freedom (DOF) planar cable robot [96].
To control the wind-induced vibration of the end-effector in a suspended cable-driven
system, the new fuzzy plus proportional–integral control (FPPIC) method was proposed, and
the results that the tracking error of the new algorithm was smaller than that of the PID con-
troller. They provided the examples of simulation and experiment to justify the dynamic
modeling for control and to test the proposed method. The simulation and experimental
results showed the effectiveness of the proposed control framework. This design was carried
on directly in discrete-time and the structure chosen for the realization permits fast compu-
tation [97]. Two controllers based on Lyapunov methods and feedback linearization tech-
niques were applied to control a 6-DOF cable-suspended robot; consequently, both con-
trollers showed satisfactory results with a small error [98].
Alikhani et al. [99] addressed the issue of modeling and robust control for a new large scale
suspended cable-driven robot. The effectiveness of the sliding mode control was also tested
on a large-scale suspended cable-driven robot with unknown disturbances. The asymptotic
stability and robustness of the proposed control law was proven by using the second method
of Lyapunov. The proposed robust controller ensures positive cable tensions while acquired
inequalities hold. Numerical simulation results illustrated the effectiveness of the proposed
scheme.
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Recently, several methods based on optimization techniques, such as the H∞ Control,
were applied. Such a controller can manage both the position of the end-effector and the
cable tension. Flexible effects of the cables can be considered and the improvement in band-
width can be achieved; however, the proposed method was not adaptable to all the behaviors
of the system [100].
By comparing the inaccuracy of cable robots with the rigid linked robots, the LQ opti-
mal control can play an important role in controlling these robots by providing all the states
of the system for the feedback, including velocity and position, in addition to optimal re-
sults. To the best knowledge of the authors, the LQ optimal controller has been rarely used
in cable-driven parallel robots. Habibnejad et al. [101] applied the LQ optimal controller,
mainly concentrating on improving the bandwidth and maximizing the Dynamic Load Carry-
ing Capacity (DLCC). They used the LQ optimal controller to optimize controlling gains and
experimentally tested the method on a 2-DOF constrained planar cable robot and a 6-DOF
under-constrained cable robot. They achieved satisfactory results in terms of motor torques
and tracking errors.
2.4 Contributions and Thesis Outline
Dexterity and stiffness are widely employed in design and control of robots. The purpose of
this work is to investigate on trajectory planning and control of cable-driven parallel robots
considering these two performance indices. Dexterity is an index, which only depends on
the orientation of the cables [102]. Stiffness can be categorized to active and passive(elastic)
parts. The elastic stiffness depends on the orientation and the lengths of cables, whereas the
active stiffness depends on orientation and the tension in cables [69].
Adaptive cable-driven parallel robots have augmented kinematic redundancy and the in-
verse kinematics problem of such robots may have more solutions compared to the tradi-
tional cable-driven parallel robots. The solution with the best dexterity and stiffness can be
considered as an optimum solution.
Active stiffness is related to the tension in cables, which is associated to the end-effector
motion trajectory. Also changing the cable orientations to achieve optimum elastic stiffness
CHAPTER 2. PROBLEM STATEMENT 27
and dexterity can affect the active stiffness. In this research study, a quasi-static trajectory is
considered for end-effector of adaptive cable-driven robots and the active stiffness index is
neglected. Moreover, typical settling time of a mechanical system is much higher than that of
motor torques; so, cable orientation adaptation is a proper approach to improve the stiffness
index in wider regions of the workspace and to avoid interference of cables. This adaptabil-
ity cannot provide fast changes in stiffness, which may be necessary to face external distur-
bances.
No previous work on adaptive cable-driven systems has discussed how to control the po-
sition of the pulley blocks to achieve optimal dexterity and elastic stiffness. We investigate
on the optimum trajectory of pulley blocks. The motivation behind the third chapter is to
propose pulley blocks trajectory planning strategies that maximize dexterity and elastic stiff-
ness indices simultaneously for some examples of adaptive cable-driven designs previously
introduced in [11] by taking advantage of the increased redundancy.
In non-adaptive design of cable-driven parallel robots, orientation and length of the ca-
bles are fixed for a specified position of end-effector, so it is impossible to improve perfor-
mance considering dexterity and elastic stiffness indices. The performance improvement can
be implemented by changing the tension in cables and adjusting the active stiffness. It is the
only way of rapidly adapting stiffness specially in case of large tracking errors.
Cable tension increment can be desirable due to stiffness augmentation, higher trajec-
tory tracking performance, more precise motion and disturbance rejection; however, it can
increase power consumption, and saturation in actuators may occur. Cable tension distri-
bution methods work based on a fixed minimum tension in cables. Such values are chosen
through experiments to gain the desired path tracking accuracy of the system, considering
capability of actuators at the same time.
The fourth chapter investigates on proposing an algorithm to change the minimum ten-
sion in cables to improve the robot performance. We introduced a method that allows run-
ning the system efficiently by dynamically controlling the minimum tension in cables con-
sidering accuracy and power consumption. The main idea behind this algorithm consists in
dynamically calculating a suitable minimum value for cable tensions, while applying a stan-
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dard tension distribution algorithm.
In addition, applying a proper high-level control algorithm is important to increase the
system performance. The fifth chapter is dedicated to linear quadratic(LQ) optimal control
of cable-driven parallel robots. By comparing the inaccuracy of cable robots with the rigid
linked robots, the LQ optimal control can play an important role in controlling cable robots
by providing all the states of the system for the feedback, including velocity and position,
in addition to optimal results. This algorithm has been rarely used in cable-driven parallel
robots. In the fifth chapter, the results of testing a LQ optimal controller on a planar cable-
driven parallel robot are presented.
U
Chapter 3
Optimizing Stiffness and Dexterity of
Planar Adaptive Cable-Driven Parallel
Robots
This chapter is dedicated to investigate on increasing adaptive cable-driven parallel robots
performance by controlling the position of pulley blocks to achieve optimal dexterity and
elastic stiffness. Adaptive cable-driven parallel robots are a special subclass of cable-driven
systems in which the locations of the pulley blocks are modified as a function of the end-
effector pose to obtain optimal values of given performance indices within a target workspace.
A sample design of 2-DOF planar apativecable-driven robot is shown in Fig. 3.1. The pulley
blocks are capable of moving along the sides of an equilateral triangle.
Due to their augmented kinematic redundancy, such systems enable larger workspace vol-
ume and higher performance compared to traditional designs featuring the same number of
cables. Previous studies have introduced a systematic method to optimize design and tra-
jectory planning of the moving pulley-blocks for a given performance index. We study the
motions of the pulley blocks that optimize two performance indices simultaneously: elas-
tic stiffness and dexterity. Specifically, we present a method to determine the pulley blocks
motions that guarantee ideal dexterity with the best feasible elastic stiffness, as well as those
that guarantee isotropic elastic stiffness with the best feasible dexterity. We demonstrate the
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Figure 3.1: Planar 2-DOF adaptive design of a cable-driven parallel robot with linear guides
proposed approach on some practical cases of planar adaptive cable-driven parallel robots.
3.1 Planning Strategy
Elastic stiffness and dexterity are widely employed as performance indices in the design and
control of robotic manipulators. The elastic stiffness index depends on the relative orienta-
tion of the cables and on their lengths (in the following, we use the term cable configuration
to address this pair of variables), whereas dexterity depends on the relative orientation of the
cables only. The following methods are proposed to obtain the conditions that guarantee: (i)
ideal dexterity with the best feasible elastic stiffness and (ii) isotropic elastic stiffness (or the
best feasible stiffness, if isotropy cannot be achieved) with the best feasible dexterity.
3.1.1 Elastic stiffness with ideal dexterity
Step 1: Choose a specific design of fully adaptive cable-driven device.
Step 2: Set the design goal: to achieve ideal dexterity with the best feasible stiffness in a target
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region of the workspace.
Step 3: Derive a set of acceptable cable orientations, which yield ideal dexterity.
Step 4: For each location in the target workspace, derive the stiffness and magnitude indices
for the set of acceptable cable orientations identified in step 3. Choose the cable orientation
yielding the best stiffness and magnitude indices.
Step 5: Define the movements of the pulley blocks as a function of the trajectory of the end-
effector, which allow the system to achieve the cable configurations identified in step 4.
Step 6: Calculate design parameters for a workspace capable of maintaining ideal dexterity
and κ(K )≤ κ(K )REQ .
3.1.2 Best feasible dexterity with isotropic elastic stiffness
Step 1: Choose a specific design of fully adaptive cable-driven device.
Step 2: Set the design goal: to achieve isotropic stiffness with the best feasible dexterity in
a target region of the workspace.
Step 3: For each location in the target workspace, derive a set of acceptable cable configu-
rations, which yield isotropic stiffness. If isotropic stiffness cannot be achieved, choose the
set of cable configurations, which yield the highest stiffness indices.
Step 4: For each location in the target workspace, derive the dexterity index for all the ac-
ceptable cable configurations identified in step 3. Choose the cable configuration yielding
the best dexterity.
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Step 5: Define the movements of the pulley blocks as a function of the trajectory of the end-
effector, which allow the system to achieve the cable configurations identified in step 4.
Step 6: Calculate design parameters for a workspace capable of maintaining isotropic stiff-
ness and κ(J )≤ κ(J )REQ .
3.2 Performance Indices
3.2.1 Dexterity index





whereσmax andσmin are the largest and the smallest singular value of the Jacobian matrix
J , respectively. κ(J ) may vary from 1 to infinity: when it approaches 1, the Jacobian matrix is
well-conditioned and the pose of the end-effector is far from singularity. Therefore, from the
design and control standpoints, configurations yielding κ(J )=1 are desirable.
3.2.2 Elastic stiffness index and Magnitude
The total stiffness of a cable-driven device is the sum of elastic and active stiffness. The for-
mer depends on the stiffness of the cables; the latter is related to the tension in the cables.
Since the elastic stiffness has generally a much higher effect on the overall stiffness of the sys-
tem [103], in this thesis we focus on elastic stiffness only. The elastic stiffness matrix is defined
as
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K = J tΩJ ,

k1 0 0 · · · 0
0 k2 0 · · · 0






0 0 0 · · · kn

, ki = Ei Ai
Li
, i = 1,2, ..,n, (3.2)
where Ω is a diagonal matrix having spring constants ki in the main diagonal. Ei and Ai
are the Young’s modulus and the cross section area of the i th cable (both considered fixed
and equal for all cables), and Li is the length of the i th cable. Because it is desirable to have a
uniform stiffness distribution along all the DOFs, the condition number of the elastic stiffness




where λmax ,λmin are the largest and the smallest eigenvalue of the elastic stiffness matrix,
respectively. When κ(K ) is equal to 1, isotropic stiffness is achieved. However, stiff systems
and compliant ones might share the same κ(K ). To capture the stiffness magnitude with a
scalar metric, we use the following metric, first suggested by Yeo et al. [104]:
κ(K )= λmax
2.λmin 2
λmax 2+λmin 2 , (3.4)
This function has higher values when λmax ,λmin are equal and large.
3.3 2-DOF planar cable-driven parallel robot with
triangular workspace
3.3.1 Traditional design
The traditional design of 2-DOF planar cable robot with triangular workspace consists of a
single end-effector supported in parallel by three cables and tensioning actuators. The pulley
blocks are fixed in the vertices of a triangle (Fig. 3.2.a). Theoretically, the end-effector can
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Figure 3.2: a. Traditional design of 2-DOF planar cable-robot with triangular workspace, b.
Adaptive 2-DOF planar cable-driven robot with pulley blocks that move along the sides of an
equilateral triangle
reach any point within the base polygon and the position of moving point is determined only
by length of the cables.
Fig. 3.3 shows the dexterity, elastic stiffness and the normalized magnitude of 2-DOF tra-
ditional design. The ideal dexterity and the isotropic elastic stiffness occurs only at the cen-
troid of the workspace and increases while moving the end-effector from the centroid. We
will show that similar adaptive design has much better performance and is capable to keep
the ideal dexterity within the whole workspace and isotropic stiffness in some parts of the
workspace. On the other hand, the normalized stiffness magnitude of the adaptive system is
higher than the traditional design shown in Fig. 3.3.c. To show the priority of the adaptive
design we investigate on the cases of keeping the ideal dexterity with the best feasible elastic
stiffness, as well as isotropic elastic stiffness with the best feasible dexterity.
3.3.2 Adaptive Design
In an adaptive design, the pulley blocks can move and the position of end-effector is depen-
dent to the cable lengths and the location of the pulley blocks. In Fig. 3.2.b pulleys move along
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Figure 3.3: a. Dexterity index, b. Elastic stiffness index and c. Normalized magnitude plot for
the 2-DOF traditional design with triangular workspace
the sides of an equilateral triangle, which can produce some benefits in terms of performance
indices.
2.3.2.1 Elastic stiffness with ideal dexterity for adaptive design
Theorem: Let us consider the 2-DOF adaptive planar cable-driven robot shown in Fig. 3.2.b,
with pulley blocks that move along the sides of an equilateral triangle. Under the ideal dexter-
ity condition, the following facts hold: (i) the elastic stiffness index κ(K ) only depends on the
position of the end-effector; (ii) in any given position of the end-effector, the elastic stiffness
magnitude is maximum when each cable is orthogonal to the side of the triangle along which
its pulley-block can slide.
Proof: Based on the defined strategy, we chose the triangular design (step 1) and we set
the goal to achieve the ideal dexterity with the best feasible stiffness (step 2). The condition
for ideal dexterity (κ(J ) = 1) imposes equal angles between any pair of adjacent cables [2].
Therefore, for any given position of the end-effector, the set of all cable configurations with
ideal dexterity can be obtained by rigidly rotating a reference configuration having all cables
orthogonal to the sliding guides by an angle γ (step 3). If Li and Lγ,i are the lengths of the ith
cable in the reference and in the generic configurations, the stiffness of the ith cable kγ,i can
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be written as:
kγ,i = cos(γ)ki , cos(γ)= Li
Lγ,i







 , Kγ = J tΩγ J = cos(γ)K . (3.6)
Since the eigenvalues of Kγ are equal to those of K multiplied by cos(γ), the elastic stiffness
index does not change with rigid rotations, while the elastic stiffness magnitude (Eq. 5.4) is
maximum when cos(γ)= 1, i.e., when each cable is orthogonal to the side of the triangle it is
connected to (step 4). For γ=0 and a triangle with sides equal to b, the elastic stiffness matrix
is
K = E A
4









where E and A are the Young’s modulus and the cross section area of the cables, which are
considered the same for all cables. Fig. 3.4.a depicts the contour plot of the elastic stiffness
index κ(K ) under the ideal dexterity condition. The elastic stiffness index is unitary in the
centroid of the triangle, the best portion of the workspace is located near the centroid, and
the steepest decrease in the index occurs while moving the end-effector from the centroid
outwards, along a line that is orthogonal to one of the guides. It can be inferred that under
ideal dexterity conditions, the level of stiffness isotropy is dictated by the position of the end-
effector, and by moving the end-effector towards the boundaries, the isotropic stiffness index
increases. Fig. 3.4.b shows the normalized maximum elastic stiffness magnitude. The highest
increase in elastic stiffness magnitude occurs while moving from the centroid to the corners
and the smallest stiffness magnitude is nearby the centroid.
Let P (s) be a planar curve inside the workspace
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Figure 3.4: a. Elastic stiffness index and b. Normalized maximum magnitude plot for the
three-cable, 2-DOF design in ideal dexterity condition
P (s)= {x(s), y(s)}t, s ∈ [0,L], (3.8)
where L is the length of the curve. The positions of the pulley-blocks that yield ideal dex-
terity are given by (step 5)
qi (s)= ui .(P (s)−Pi ), (3.9)
where ui is the unit vector along the ith linear guide and Pi is the position vector of the ith
vertex of the triangle (Fig. 3.2.b).
Suppose that the following design problem is given (step 6):
Design a 2-DOF adaptive cable-driven robot with triangular workspace capable of main-
taining ideal dexterity and κ(K )≤ κ(K )REQ inside a circular region with radius rREQ .
Let us assume an equilateral triangle with sides equal to b and a circumference that is




6 ]. Fig. 3.5 depicts how the maximum κ(K ) along a circumference with normalized radius
of rb changes. The design steps can be summarized as follows.
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Figure 3.5: Stiffness index as a function of rb
1. Use Fig. 3.5 to choose the value of rb for which κ(K ) = κ(K )REQ . Indicate this value as
( rb )REQ .
2. Calculate the side of the triangle as bREQ = rREQ /( rb )REQ .
2.3.2.2 Dexterity with best achievable elastic stiffness for adaptive design
In this part, interval analysis method is used, so before analysing the next case, interval anal-
ysis is described briefly.
The main focus of interval arithmetic is the simplest way to calculate upper and lower
endpoints for the range of values of a function in one or more variables. These endpoints are
not necessarily the supremum or infimum, since the precise calculation of those values can
be difficult or impossible.
[a,b]= {x ∈R|a ≤ x ≤ b}, (3.10)
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Figure 3.6: Adaptive 2-DOF planar cable robot with pulley blocks moving on linear guides
where a = −∞ and b = ∞ are allowed; with one of them infinite we would have an un-
bounded interval, while with both infinite we would have the extended real number line.
As with traditional calculations with real numbers, simple arithmetic operations and func-
tions on elementary intervals must first be defined. More complicated functions can be cal-
culated from these basic elements [105].
Let us consider again a 2-DOF adaptive cable-driven robot with pulley blocks that move
along the sides of an equilateral triangle (step 1, Fig. 3.6). The goal is to achieve the isotropic
stiffness (if possible) with the best feasible dexterity within the workspace (step 2).
Using eq. 2, the elastic stiffness matrix of the system can be written as









− 1Li cos(θi )si n(θi )
3∑
i=1







where θi is the angle between the x axis and the i th cable, measured in the counterclock-
wise direction (Fig. 3.6). By calculating the eigenvalues of K and setting κ(K ) equal to 1, the
conditions for isotropic elastic stiffness can be obtained. A set of angles and related cable
lengths must be found, which satisfy the following equations:
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Figure 3.7: a. The best feasible elastic stiffness index for a three-cable, 2-DOF design, b. Mag-











si n(2θi )= 0 (3.12)
Fig. 3.7.a shows the region of the workspace where isotropic elastic stiffness can be achieved,
using interval analysis [106]. The contour lines indicate the value of the best elastic stiffness
index outside the isotropic region. It can be noticed that isotropic stiffness is achievable only
near the angle bisectors, as the end-effector moves from the centroid to any vertex. Con-
versely, moving the end-effector from the centroid towards any of the sides results in higher
κ(K ), which is not desirable. Fig. 3.7.b and Fig. 3.7.c depict the contour plots of the stiffness
magnitude and dexterity indices for the configurations yielding the best achievable stiffness
shown in Fig. 3.7.a. The system has the highest stiffness magnitude near the corners, whereas
the minimum magnitude occurs close to the perpendicular bisector of each side. The best
dexterity is achieved near the centroid, whereas moving the end-effector towards the sides
increases the dexterity index.
For each point of a given end-effector trajectory, the configuration of the cables (i.e., the
angles and lengths (θ1,θ2,θ3,L1,L2,L3)) that yields the best achievable elastic stiffness index
can be computed numerically (step 3). In case of multiple solutions, the one with the best
dexterity index is selected (step 4).
Fig. 3.8.a shows a sample trajectory of the end-effector and the corresponding cable con-
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Figure 3.8: a. A sample end-effector trajectory and the corresponding, b. Cable configura-
tions, c. Elastic stiffness, magnitude and d. The dexterity
figurations yielding the best stiffness index. Fig. 3.7.b depicts the locations of the pulley
blocks for the same motion. Elastic stiffness, magnitude and the dexterity indices correspond-
ing to the sample trajectory are shown in Fig 3.7.c, d.
Once the configuration of the cables (i.e., the angles and lengths) are determined, the po-
sitions of the pulley-blocks for any configuration can be determined using the following ex-
pression (step 5)
qi (s)= ui .(P (s)−Pi )+ui (Li si n(φi )), (3.13)
where φi is
φ1 = θ1− pi
2
, φ2 = θ2− 7pi
6
, φ3 =−θ3+ 11pi
6
. (3.14)
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Figure 3.9: Stiffness and dexterity change as a function of the parameter rb
Suppose that the following design problem is given (step 6):
Design a 2-DOF adaptive cable-driven robot with triangular workspace capable of achieving
isotropic stiffness and κ(J )≤ κ(J )REQ inside a circular region with radius rREQ .
Let us assume again an equilateral triangle with side length b and a circle centered in the
triangle’s centroid with radius r ∈ (0;
p
3
6 ]. Fig. 3.9 depicts how the maximum κ(K ) and κ(J )
change while increasing the normalized radius rb . The design method can be summarized as
follows.
1. Using Fig. 3.9, choose the value of rb such that κ(K )= 1 and κ(J )= κ(J )REQ . Indicate this
value as ( rb )REQ . If such value does not exist, then the design problem is not solvable with a
triangular design, and kappa(J )REQ should be increased.
2. Calculate the length of the triangle side as bREQ = rREQ /( rb )REQ .
3. If the resulting design is too cumbersome, increase κ(J )REQ and return to step 1.
The proposed adaptive system and the motion patterns result in higher performance com-
pared to the traditional design.
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Figure 3.10: Adaptive 2-DOF planar cable robot with pulley blocks moving on a circle
3.4 2-DOF planar adaptive cable-driven parallel robot with cir-
cular workspace
3.4.1 Elastic stiffness with ideal dexterity
Let us consider a 2-DOF adaptive cable-driven parallel robot with pulley blocks moving on
a circumference (step 1). We set the goal to achieve the ideal dexterity with the best feasible
stiffness as mentioned in step 2 of the proposed algorithm. Under the ideal dexterity hypoth-
esis, the cables arrangement must be symmetric [2] (step 3). Because the design is axially
symmetric, we can assume without loss of generality that cable L1 is horizontal (Fig. 3.10.a).
The length of the i th cable and the corresponding stiffness coefficient can be written as
Li = ρcos(βi )+
√
1−ρ2si n2(βi ), ki = E A
Li
, (3.15)
β1 = γ, β2 = 2pi
3
−γ, β2 = 2pi
3
+γ,
where ρ, Li , βi are the normalized distance of the end-effector from the center (ρ ∈ [0,1]), the
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Figure 3.11: a. Elastic Stiffness index, b. Normalized stiffness magnitude for a 2-DOF circular
cable-driven parallel robot under ideal dexterity condition
length of the ith cable, and the angle between ρ and Li , respectively. γ is a rigid rotation.
By substituting the expressions of Li from Eq. 3.15 into Eq. 3.2, and setting θ1 = 0,θ2 =
2pi
3 ,θ3 = 4pi3 (symmetric configuration), the eigenvalues of K can be computed as a function of
γ and ρ only, yielding the expressions of the elastic stiffness index and magnitude:
κ(K )= λmax(ρ,γ)
λmin(ρ,γ)
, M = λmax
2(ρ,γ).λmin 2(ρ,γ)
λmax 2(ρ,γ)+λmin 2(ρ,γ) (3.16)
Fig. 3.11.a shows the elastic stiffness index of the system. The minimum value of κ(K )
for any ρ occurs in γ = 0, 2pi3 , 4pi3 . These angles correspond to the same configuration, i.e.,
one with the longest cable (L1, L2 or L3 for the three cases, respectively) crossing the center
of the circle, and the other two cables having the same length. Therefore, this is the only
configuration where the lowest feasible value of the isotropic stiffness index can be obtained
while the system has ideal dexterity. Fig. 3.11.b shows the contour plot of the normalized
stiffness magnitude. Again, for any ρ the maximum magnitude is achieved in γ = 0, 2pi3 , 4pi3 .
Hence, it can be concluded that the configurations having the best elastic stiffness also show
the highest stiffness magnitude (step 4).
The best elastic stiffness index and the best normalized magnitude under ideal dexterity
are functions of ρ only. They can be computed as:
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Figure 3.12: The best feasible elastic stiffness and magnitude of the adaptive 2-DOF planar









Fig. 3.12 shows the best feasible elastic stiffness index and the best feasible normalized
elastic stiffness magnitude under the ideal dexterity condition for the adaptive 2-DOF planar
cable robot with pulley blocks moving on a unitary circumference. κ(K ) reaches the ideal con-
dition in the center (i.e., ρ = 0), while moving away from the center towards the circumference
(in any direction) increases κ(K ). The elastic stiffness magnitude also increases while moving
away from the centroid towards the circumference. Hence, the constraint of ideal dexter-
ity imposes that stiffness isotropy degrades towards the boundary of the workspace, whereas
stiffness magnitude increases towards the boundary, similarly to the triangular design. Unlike
the triangular design, however, in the circular design the indices κ(K ) and M only depends on
the distance from the center ρ.
Suppose the trajectory of the end-effector is defined in polar coordinates (ρ,σ), with ρ ∈
(0;1],σ ∈ [0;2pi). The corresponding pulley block trajectories can be defined as (step 5)


















where φ(s) is the vector of the polar angles yielding the positions of the pulley blocks (Fig.
3.10.b). In particular, φL(s) indicates the pulley block attached to the longest cable, while
φs1(s) and φs2(s) are related to the other two cables.
Let us consider again the design problem again. The goal is to design a 2-DOF adaptive
cable-driven robot that achieves ideal dexterity and κ(K ) ≤ κ(K )REQ inside a circular region
with radius rREQ (step 6).
Given a circular adaptive design, Fig. 3.12 depicts how κ(K ) changes while moving from the
centroid (normalized radius ρ = 0) to the circumference (ρ = 1). The design method can be
summarized as follows.
1. Using Fig. 3.12, choose the value of ρ such that κ(K ) ≤ κ(K )REQ . Indicate this value as
ρREQ .
2. Calculate the radius of the smaller adaptive circular design which satisfies the specifica-
tions as RREQ,C = rREQρREQ .
3.4.2 Dexterity with isotropic elastic stiffness
The design of 2-DOF adaptive cable-driven robot with pulley blocks with pulley blocks mov-
ing on a circumference is considered again (step 1). The goal is to achieve the isotropic
stiffness with the best feasible dexterity within the workspace (step 2). The conditions for
isotropic elastic stiffness are similar to Eq. 3.12. To simplify the problem, we consider the
special case where one cable passes through the center of the circumference, as shown in Fig.
3.10.b. By using the following transformation
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θ2 =pi−α2, θ3 =pi+α3, (3.20)
the isotropic stiffness conditions (11) are rewritten as (step 3)
1
ρ+1 + f (ρ,α2)cos(2α2)+ f (ρ,α3)cos(2α3)= 0, (a) (3.21)
f (ρ,α2)si n(2α2)= f (ρ,α3)si n(2α3), (b)
where:
f (ρ,α)= 1
−ρcos(α)+√1−ρ2si n2(α) , (3.22)
It can be easily seen that a solution to Eqns. 3.21 and 3.22 always exists in the form α2 =
α3 =α. In this case, α and ρ are dependent on each other (step 3, 4):
ρ = −1−2cos(4α)
3−2cos(α)−2cos(3α)+2cos(4α) , (3.23)





Fig. 3.13.a illustrates how α, the angle between the two cables not passing through the
center, decreases as the end-effector moves from the center towards the circumference. Fig.
3.13.b depicts the corresponding dexterity index and the normalized stiffness magnitude un-
der isotropic elastic stiffness. The dexterity index - which is ideal in the center (ρ = 0) - de-
grades to higher values as the end-effector moves towards the circumference. The plot also
shows that the normalized magnitude increases towards the circumference.
If the position of the end-effector is (ρ,γ) with ρ ∈ (0;1], σ ∈ [0;2pi), the corresponding
positions of the pulley-blocks for ideal stiffness are (step 5)
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Figure 3.13: a. Changing in value of α and b. The dexterity index and the normalized stiffness









σ−α+ar csi n(si n(α)ρ)
σ+α−ar csi n(si n(α)ρ)
 , (3.25)
where φ(s) is the vector of the angular position of the pulley blocks, and α can be deter-
mined by solving (Eq. 3.23).
Consider the following design problem (step 6):
Design a 2-DOF adaptive cable-driven robot with circular workspace capable of achieving
isotropic stiffness and κ(J )≤ κ(J )REQ inside a circular region with radius rREQ .
Let us assume again an adaptive circular design. Fig. 3.13.b illustrates how κ(J ) changes
when moving from the centroid (ρ = 0) to the circumference (ρ = 1). The design method can
be summarized as follows.
1. Using Fig. 3.13.b, choose the value of ρ such that κ(J )≤ κ(J )REQ . Indicate this value as
ρREQ .
2. Calculate the radius of the smaller adaptive circular design which satisfies the specifica-
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Figure 3.14: Adaptive 3-DOF planar cable robot with pulleys moving on a circumference
tions as RREQ,C = rREQρREQ .
3.5 3-DOF circular planar adaptive cable-driven parallel robot
3.5.1 Elastic translational stiffness and dexterity
Let us analyze the elastic translational stiffness under the ideal dexterity condition for the 3-
DOF adaptive cable-driven robot shown in Fig. 3.14.a, which features 4 pulley blocks moving
on a circumference (step 1). For a 3-DOF cable robot, the configuration of the cables yielding
ideal dexterity (step 2) is the one wherein all the angles between adjacent cables are equal
(step 3) (i.e., all the pairs of adjacent cables should be orthogonal, [2]). We will show that
under the ideal dexterity condition, the system has the best elastic translational stiffness when
the configuration of the cables is symmetric with respect to the line crossing the center of the
circumference and the end-effector position (i.e., γ= pi4 in Fig. 3.14.a).
Without loss of generality, let us assume that θ1 = 0, θ2 = pi2 , θ3 =pi, θ4 = 3pi2 , where θi is the
angle between a given x axis and the i th cable. The stiffness matrix can be written as:




K11(N /m) K12(N )




K11 = E A




 , K12 = E A
r ( 1L3 − 1L1 )










where F and M define the force and the moment, S and φ indicate a small displacement
in x, y directions and a small rotation, r is the radius of the moving platform (which equals
to the radii of the pulley blocks). The elastic stiffness matrix is inhomogeneous and has three
eigenvalues. Two of them are related to the translational stiffness and one corresponds to
the rotational part. In this study, we focus on the translational stiffness index, which can be
calculated as the ratio of the eigenvalues corresponding to the translational DOFs. Eq. 3.26
can be re-written as:
F =K11S+K12φ, M =K12TS+K22φ (3.28)
To homogenize the stiffness matrix, Taghvaeipour et al. [107] proposed an approach based
on dimensionless parameter vectors. For the force vector (F ), they transferred the transla-
tional and rotational motion to a dimensionless vector using eigenvectors of K11TK11 and
K12TK12, respectively. As a result, K11S and K12φ change to K11HSψS and K12Hφψφ, where
Hs and Hφ are the orthogonal matrices whose columns are the eigenvectors of K11TK11 and
K12TK12, and ψ= {ψS ,ψφ}T is a dimensionless vector. Hence, the first equation in (27) can be
written as:
F =GFψ, GF = [K11HS K12Hφ]. (3.29)
The square root of the eigenvalues of GF GF T can be used to calculate the translational
stiffness index:
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GF GF
T = (E A)2
( 1L1 + 1L3 )2+ r 2( 1L1 − 1L3 )2 r 2( 1L1 − 1L3 )( 1L4 − 1L2 )






) ( 1L2 +
1
L4





The elements on the secondary diagonal of the matrix GF GF T are a multiple of r 2. Consid-
ering the small radius of the end-effector compared to the workspace, the elements of the sec-
ondary diagonal are much smaller than the primary diagonal elements. So the matrix GF GF T
can be very similar to a diagonal matrix (isotropic elastic stiffness) depending on the radius of
the end-effector and the cable lengths. Let us assume an adaptive 3-DOF planar cable robot
with pulley blocks moving on a unitary circumference with r=0.04.
Fig. 3.15.a shows the elastic translational stiffness index. The minimum of κ(K ) for any ρ
occurs in γ = pi4 , 3pi4 , 5pi4 , 7pi4 . All these angles correspond to the same configuration, where the
cables are symmetric with respect to the line crossing the center of circumference and the
end-effector position (γ = pi4 ). Under this condition, the lowest value of the elastic transla-
tional stiffness index can be obtained, which is approximately unitary. It can be concluded
that in this configuration, the system can achieve both ideal dexterity and isotropic transla-
tional stiffness with a negligible tolerance. Fig. 3.15.b shows the normalized stiffness magni-
tude. The maximum of the stiffness magnitude occurs in γ = pi4 , 3pi4 , 5pi4 , 7pi4 . Therefore, it can
be inferred that the best elastic stiffness condition and the highest stiffness magnitude are
achieved in the same configuration. The minimum normalized stiffness magnitude occurs
in the center of the workspace, while moving the end effector towards the circumference in-
creases the normalized stiffness (step 4).
If the trajectory of the end-effector is (ρ,σ), with ρ ∈ (0;1],σ ∈ [0;2pi), the corresponding


























where φ(s) is the vector of the pulley blocks angular positions in polar coordinates (Fig.
3.14.b). As the system is capable of achieving approximately isotropic translational stiffness,
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Figure 3.15: a. Elastic Stiffness index, b. Stiffness magnitude for a 3-DOF circular cable-driven
robot under ideal dexterity condition
and ideal dexterity, we change the design problem compared to other cases. Suppose that the
following design problem is given (step 6):
Design a 3-DOF adaptive cable-driven robot with circular workspace capable of achiev-
ing approximately isotropic translational stiffness, and ideal dexterity and M ≤MREQ inside a
circular region with radius rREQ .
Let us consider the 3-DOF design shown in Fig. 3.14.b. Fig. 3.16 illustrates how M changes
while moving from the centroid (ρ = 0) to the circumference (ρ = 1). The design method can
be summarized as follows.
1. Use Fig. 3.16 to choose the value of ρ for which M =MREQ . Indicate this value as ρREQ .
2. Calculate the radius of the smaller 3-DOF adaptive circular design which satisfies the spec-
ifications as RREQ,C = rREQρREQ .
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Figure 3.16: Stiffness magnitude change as a function of the parameter rb for a 3-DOF planar
adaptive system
3.6 Application in Cable-Suspended Camera Systems
Cable-Suspended Camera Systems are widely used in the fields of sports and entertainment.
Usually four motorized winches are located at the corners of the workspace, and each one is
connected to the end-effector (i.e., the camera) with a cable passing by an idle pulley. De-
spite the widespread use of those systems, some incidents have been reported. In 2011, a
camera crashed onto the playing field. Likewise, some ball shots hit the camera in differ-
ent matches [Wikipedia]. Collisions between the camera and small objects (e.g., a ball) and
weather effects (e.g., wind gusts) can be considered as disturbances to the system. On the
other hand, increasing the system stiffness can result in disturbance rejection, less vibrations
and improved accuracy of trajectory tracking [81], [71]. Because disturbances are generally
unpredictable, keeping an isotropic stiffness condition can be desirable to satisfy the desired
robot tracking accuracy. On the other hand, dexterity is an important index with respect to
the kinematic behavior and force performance of the system. As the camera motion in the
plane parallel to the ground is much higher than altitudinal displacement, let us consider the
system as a planar cable-driven robot. Fig. 13. a. shows a traditional cable-suspended cam-
era system with four reels anchored at fixed points. The size of the workspace is considered
by a ratio of 1.1 to 0.73 (e.g., the size of a standard soccer field is 110m×73m). Suppose the
reels were anchored on the corners of a rectangle formed by increasing 30% to the sides of
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Figure 3.17: a. A sample cable-suspended camera system, b. New design of adaptive cable-
suspended camera system
the rectangular workspace. 3.17.b. illustrates an adaptive design for a cable-suspended cam-
era system with four linear guides which are used to form a rectangular workspace. Pulleys
can be moved along each guide by means of auxiliary actuators. Pulley blocks are position-
controlled such that each cable direction is orthogonal to the corresponding guide. Since
θ1 = 0, thet a2 = pi2 ,θ3 =pi,θ4 = 3pi2 , the condition for ideal dexterity is always satisfied. 3.18 de-
picts the dexterity index for the traditional design of cable-suspended camera system. In all
workspace area, no set of angles can comply with the ideal dexterity condition while moving
from the centroid to the left and right sides results in approaching the ideal dexterity condi-
tion.
Fig. 3.19 shows the elastic stiffness index for the traditional and adaptive design. The elas-
tic stiffness index in new design is smaller which shows the priority of the proposed system in
term of stiffness index. Fig. 3.20 depicts the elastic stiffness magnitude (assumed unitary of
EA) which shows higher values in case of adaptive system comparing with the traditional one.
Let us consider another example. A sample cycling velodrome with a 250 m track and a tradi-
tional cable-suspended camera system is shown in Fig. 3.21.a. The new adaptive design with
four moveable pulley blocks and orthogonal adjacent cables is illustrated in Fig. 3.21.b. In this
configuration, the system can achieve both ideal dexterity and isotropic elastic stiffness. Fig.
3.22.a, b show the dexterity and elastic stiffness index related to the traditional design. Unlike
the adaptive design, the traditional system cannot keep the ideal dexterity and isotropic elas-
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Figure 3.18: Dexterity index for the traditional design of the cable-suspended camera system
tic stiffness in the given workspace. Obviously the stiffness magnitude is much higher in the
proposed system due to shorter cables comparing with the traditional design.
3.7 Summary
Adaptive cable-driven parallel robots have augmented kinematic redundancy compared to
traditional cable-driven systems with equal number of cables. As a result, the inverse kine-
matics problem of such robots may have more solutions compared to the traditional cable-
driven parallel robots. The motivation of this study was to introduce a systematic method-
ology to use the augmented kinematic redundancy to increase robot performance. Depend-
ing on the application, the most efficient solution can be determined based on one or more
performance indices. In this study, two important performance indices, dexterity and elas-
tic stiffness, were considered simultaneously. Dexterity and elastic stiffness are performance
indices widely employed in design and control of robots. The dexterity index defines the kine-
matic behavior of a robot. The elastic stiffness can affect trajectory tracking, disturbance re-
jection and vibrations of a system.
The best feasible elastic stiffness while keeping ideal dexterity was investigated for two
different designs of 2-DOF adaptive-cable driven parallel robots and as a result, the related
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Figure 3.19: a. Elastic stiffness index for the traditional and b. Adaptive design of the cable-
suspended camera
Figure 3.20: a. Elastic stiffness magnitude for the traditional and b. Adaptive design of the
cable-suspended camera system
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Figure 3.21: a. Traditional and b. Adaptive cable-suspended camera system for a velodrome
Figure 3.22: a. Dexterity and b. Stiffness index for the traditional cable-suspended camera
system of a velodrome
CHAPTER 3. ADAPTIVE CABLE-DRIVEN PARALLEL ROBOTS 59
configuration of cables and pulley blocks were determined. The same method was applied
to the case of a 3-DOF adaptive cable-driven robot with pulley blocks moving on a circular
guide. For this device, we identified the cable configuration, which result in ideal dexterity
and approximately isotropic elastic translational stiffness.
The best possible dexterity while maintaining the system in ideal isotropic elastic stiff-
ness was also studied for these three designs. The proposed method uses the augmented
kinematic redundancy of the systems and presents a unique solution in each case. In 2-DOF
adaptive designs, the both ideal dexterity and isotropic elastic stiffness occur at the centroid
and moving outwards the centroid increases the indices. On the other hand, the minimum
normalized elastic stiffness magnitude occurs at the center of the workspace in both patterns
while moving outwards increases the magnitude. For all cases, the corresponding pulley block
trajectories were determined and the related design problem to keep a minimum dexterity or
stiffness is solved.
In the next chapter, we investigate on increasing non-adaptive cable-driven parallel robots
performance by changing the minimum tension in cables and adjusting the active stiffness.
U
Chapter 4
Dynamic Minimum Tension Control
(DMTC) for cable driven parallel robots
This chapter is devoted to investigate on increasing the performance of non-adaptive cable-
driven parallel robots by controlling the minimum tension in cables. As it mentioned before, it
is impossible to change the dexterity and elastic stiffness indices for a certain position of end-
effector due to fixed orientation and length of cables; however, adjusting the active stiffness
by chnging the minimum tension in cables is the only way of adapting system stiffness fast.
Higher tension in cables of a cable-driven parallel robot is preferable due to increased
stiffness, higher disturbance rejection, better trajectory tracking performance and a more
precise motion; however, cable tension augmentation can result in saturation of actuators
and high energy consumption. This chapter is devoted to investigate if dynamically chang-
ing the minimum tension in cables can allow achieving an efficient motion in term of power
consumption, while preserving good trajectory tracking performance. The proposed method
is called Dynamic Minimum Tension Control (DMTC). In this approach, the minimum ten-
sion is changing on-the-fly according to stiffness, dynamics of the system, and error values
as feedback. A 2-cable, 1-DOF test bed with different settings of the controller has been used
to compare traditional fixed minimum tension utilization, and the proposed approach. Ex-
perimental results show that the DMTC can be more efficient than traditional approaches in
terms of accuracy and energy consumption.
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4.1 Dynamic Minimum Tension Control (DMTC) Concept
It is well known that the static equilibrium of an n-DOF cable driven robot, controlled by m
cables, can be expressed by the following linear equation system:
ST =W Tmi n ≤ Ti ≤ Tmax , i = 1,2, ..,m, (4.1)
where Tmi n ,Tmax are the minimum allowable and maximum feasible tension in cables, S ∈
Rn×m is the structure matrix of the robot, W is the wrench applied to the end-effector, and T













To determine the tension in cables, an optimization method can be used to find the best
solution within the feasible tension range. Tension distribution of an over-constrained cable-
driven parallel robot can be converted to an optimization problem as follow [108] :
Mi ni mi ze f ,
f = 1
2
(T −Tmi n)t(T −Tmi n),
s.t . ST =W and Tmi n ≤ Ti ≤ Tmax i = 1,2, ..,m
(4.3)
Selecting a proper value for Tmi n is a challenging subject.
Generally, the resonant frequencies of the transmission system between the sensor and
actuator limits the control bandwidth, which results in the fact that many designers con-
sider as ’Stiffer is better’ [109, 110] and some researchers presented stiffness adjustable struc-
tures [111]. In different studies of cable-driven robots, higher stiffness is considered com-
pletely desirable for motion accuracy and stabilization. Inevitable elasticity of cables reduces
CHAPTER 4. DYNAMICMINIMUM TENSION CONTROL (DMTC) 63
the accuracy and bandwidth of the robot, and the stiffness of the system has a direct relation
with position accuracy [112, 113, 71].
So, higher values of Tmi n are preferable, as they prevent cable slacking, usually generate
higher stiffness, and accuracy. In addition, less vibration, and even better controller tuning
are obtained due to higher natural frequency of the cables; however, increasing Tmi n raises
norm of tension in cables bringing higher energy consumption. Moreover, increasing Tmi n
can lead to saturation of actuators, not only when the total wrench W is large, but also when
the end-effector falls close to singular configurations.
The main idea behind the DMTC consists in dynamically calculating a suitable minimum
value for cable tensions (Tmi n), while applying a standard tension distribution algorithm. The
significant difference with already existing approaches lies in that the value of Tmi n is not
fixed. On the contrary, it is changed on-the-fly within a certain range, to gain a good com-
promise between performance, energy consumption, and the risk of saturating the actuators.
Different aspects must be considered before choosing a proper law for Tmi n .
4.1.1 Stiffness and Resonance
Let us consider a cable-driven parallel robot with n degrees of freedom and m cables. The
stiffness matrix of the system can be found by using the following equation [69]1





k1 0 0 · · · 0
0 k2 0 · · · 0






0 0 0 · · · km

, ki = Ei Ai
Li
, i = 1,2, ..,m, (4.5)
where p = (x, y, z,θx ,θy ,θz)t are the coordinates of the end-effector in the Cartesian space
1Similar formulation was used in the third chapter using Jacobian matrix(J). Structure matrix(S) is denoted as
transposed Jacobian matrix of a parallel cable-driven robot which is used in this chapter.
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andΩ is a diagonal matrix having spring constants ki in the main diagonal. Ei , Ai and Li are
the Young’s modulus, cross section, and the length of the i th cable. The stiffness matrix is
a combination of two parts. The first one is related to the elastic stiffness of the cables, the
second part is linked to the tension in cables.
Behzadipour et al. [103] showed that, usually, the elastic stiffness is much higher than
the stiffness related to the tension in the cables, but for some positions and directions, the
stiffness corresponding to the tension in cables can be dominant.
It should be noticed that the elastic stiffness depends on the orientation and the lengths of
cables which is unchangeable for a certain position of end-effector. High stiffness is desirable
at the end-effector for proper position accuracy and load capacity [104]. On the other hand,
low stiffness can negatively affect trajectory tracking performance, disturbance rejection and
vibrations in the system [114, 81], so the stiffness should be considered as a key parameter in
cable-driven systems. Some studies set a minimum value for the eigenvalue of the stiffness
matrix (σmi n) to guarantee a minimum stiffness within the workspace [92].
In applications of cable-driven parallel robots with long cables, not only the longitudal
vibration but also the transverse vibration can affect trajectory tracking and a very small exci-
tation can produce high transversal vibrations [115]. To this regard, the minimum tension in
the cables can play an important role to decrease the vibration and providing motion trajec-
tory tracking with high accuracy.









where Ti and ρ are tension and the mass per unit length of the cable. A cable with higher ten-
sion has greater natural frequencies allowing for greater control gains which are profitable in
term of more accurate motion. To refuse the resonance, the natural frequency of the actuator
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Using Eq. 4.6, the following constraint for the tension in cables can be defined:






Transverse vibration of cables in motion can be an important factor influencing on the system
performance. To investigate on this effect, transverse vibration equation of a cable in motion
was solved and tested on a testbed. The detailed description of this procedure is described in
Appendix ??. The equation was solved using Galerkin method, and ode45. The solution was
set to estimate the transverse vibration of the cable for different values of constant tension
in a point at the middle of the cable. An experimental setup of two DC motors with pulleys
and a cable connected to them, equipped by a high frequency vision system were applied to
validate the cable vibration numerical data.
Results showed that higher tension in cables can reduce the amplitude of transverse vi-
bration; however, it can slightly increase the frequency of vibration. In application of cable-
driven robots, the necessity of high stiffness is important to achieve an acceptable level of
trajectory tracking performance, and resisting against noises and vibration of the system.
The concept was tested on a 1-DOF parallel cable-driven robot, and showed that higher
minimum tension in cables can result in more accurate motion. Also, it should be noticed
that high minimum tension in cables can increase power consumption and has the risk of
saturation of actuators. Therefore, there is always a challenge to choose the optimal minimum
tension in cables which can be an important subject of the future work.
4.1.3 Wrench
Using the norm of the end-effector W r ench as an index to change the minimum tension in
cables was introduced in our last study [79]. We proposed to increase Tmi n when the desired
end-effector wrench W is small, and to decrease Tmi n when the absolute value of the wrench
rises. The method is useful to avoid cable slacking in case of low wrench and to prevent the
saturation of actuators while the wrench is high.
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Clearly, by reducing Tmi n , we will get a vector T satisfying the statics equations with re-
duced norm. For example, in the case of planar point-mass CDPRs, for a given direction of
the desired force W , there will be at least one cable whose direction is opposite to that of W
(in the sense that the dot product between the desired force W and the direction of the cable
is negative), so the reduction of its tension (Tmi n) will help reducing the tension in all other
cables.
4.1.4 Trajectory Tracking Error
The method proposed in [79] guarantees smaller tension in all cables when W is high; how-
ever, it does not always guarantee the best efficiency. As an example, let us consider a system
working with low total wrench, but also with an acceptable trajectory tracking accuracy; in
this case, there is no need to increase Tmi n , which in turn brings higher power consumption.
On the other hand, if a system is running with poor trajectory tracking, due to trajectory com-
plexity, noise or improper tuning of controller, stiffness enhancement considering actuators
capacity can be an effective solution [71]. So, not only the stiffness is an important issue, but
also the accuracy of the system can drive a suitable choice of robot stiffness and minimum
cable tension. Trajectory tracking error can be used together with total wrench as feedback to
change the minimum tension in cables.
4.2 Dynamic Minimum Tension Control (DMTC) Algorithm
Based on the considerations above, the DMTC algorithm is proposed as the following equa-
tion:
Tmi n = T0+∆T [αg1(W )+ (1−α)g2(E)], (4.9)
where T0 and∆T are the lower bound and the range of variation of Tmi n ; g1(W ) and g2(E) are
functions of W r ench and Er r or respectively andα is a parameter to determine the weight of
the two terms. Functions g1(W ) and g2(E), and parameter α, range between 0 and 1. In this
way, the whole term multiplied by ∆T ranges between 0 and 1 itself, so that Tmi n is always
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Figure 4.1: a. Mapping function used for changing the minimum cable tension Tmi n accord-
ing to the absolute desired wrench (W ) and b. Absolute position error (E)
between T0 and T0+∆T .
To express g1(W ) and g2(E), two look-up tables (LUTs) are proposed (Fig. 4.1). As it is
shown, g1(W ) increases in case of W r ench reduction, while g2(E) raises in case of low accu-
racy (Large error). The slope of the LUTs, and the α value can be chosen, according to the
application, to gain a suitable compromise between accuracy and energy consumption. Such
an approach can be applied to any cable-driven parallel robot, regardless to the number of
cables , DOFs and to the particular cable tension distribution algorithm adopted.
Fig. 4.2 depicts a flow chart showing how to choose the proper Tmi n . Let us call T0,i n as
initial value of T0. First, g1(W ) and g2(E) are estimated considering the total W r ench and
Er r or . In case, the level of motion accuracy is not acceptable (g2(E) ≥ 1), we propose to in-
crease T0 by δT to enhance the tension in cables,2. As a result, T0 and Tmi n increase which
results in the motion accuracy increment. On the other hand, if the level of motion error is
acceptable (g2(E)≤ 1), we do not need to increase the tension in cables and the system stiff-
ness. So, if T0 is greater than the initial value T0,i n , we decrease T0 and then Tmi n is estimated
based on the Eq. 4.9. Knowing Tmi n and W r ench the tension in cables are calculated.
2δT can either be constant or be calculated considering the stiffness and resonance requirements
CHAPTER 4. DYNAMICMINIMUM TENSION CONTROL (DMTC) 68
Start
Calculate g1(W ) and g2(E)
g2(E)≤ 1 T0 = T0 + δT
T0 = T0,i n T0 = T0 − δT
Tmi n = T0+∆T (αg1(W )+
(1 − α)g2(E))
Calculate tension in ca-






Figure 4.2: The algorithm to estimate Tmi n using Dynamic Minimum Tension Control
(DMTC)
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Figure 4.3: Schematic of a position control using the Dynamic Minimum Tension Control
(DMTC).
4.3 Experimental Setup and Results
To test the new method, a 1 DOF cable-driven robot with two DC motors and a slider (end-
effector) was built (Fig. 4.4). One linear and two rotational encoders were used to measure the
position of the slider and the motors. This plant was connected to a PC via a PCI Multifunction
I/O Sensoray626 board to control the system by Matlab and Simulink RTWT.
Fig. 4.3 presents a schematic of the position control using the DMTC approach. The out-
put W consists of feedforward which is extracted from system inverse dynamics, and feedback
which comes from the controller. In this study, we used PID controller which is widely used
and is easily applicable in industrial systems.
The DMTC block calculates Tmi n according to the proposed algorithm and the tension in
cables are determined based on W r ench and Tmi n . In this block, different tension distribu-
tion methods such as p-norm optimization can be used. After considering motor dynamics,
the output is sent to the drivers. Position feedback by encoders closes the feedback loop. A
similar approach, except from the DMTC algorithm, is presented by Lamaury et al. in [93].
In the feedforward loop, slider friction was modeled as a function of velocity, based on
sum of Stribeck, Coulomb, and viscous components, which were estimated through experi-
ments. In the feedback loop, the position of the end-effector was estimated using rotational
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Figure 4.4: Experimental setup for testing optimal force distribution
encoder readings, with additional compensation of cable elongation. The linear encoder was
used only to measure the actual position of the end-effector for final assessment of controller
performance.
The cable tension calculation algorithm distributed the force in the two cables by simply
imposing their tensions to Tmi n and W +Tmi n , according to the direction of W . A fifth degree
polynomial reference, with frequency of 1H z and 0.5H z was used. The fixed amplitude of the
reference was 35mm (Total travel 70 mm).
To show the efficiency of the new algorithm, we have used three different methods to run
the system. The first one uses fixed minimum tensions of 4N , 8N , and 12N in cables. The
second one uses the DMTC with α= 1 (No contribution of tracking error); the third one, uses
the DMTC with α = 0.5. As it mentioned before, tuning the LUTs is also dependent on the
necessities, but we have generated some LUTs to run the system as accurate as usage of fixed
tensions to compare the power consumption of new method with formers.
Results are summarized in Table 4.1. To compare the different working conditions, the
variance of position error and a power-related index were used. The former was calculated as
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the variance of the difference between reference and actual positions. The latter was calcu-
lated as the average sum of the squared current references provided to the drivers. Measures
were repeated during ten periods (i.e., twenty travels of the slider).
As it is shown, using the proposed formulation withα= 1 can reduce power consumption,
on the other hand setting α = 0.5 results in more power savage due to application of g2(E),
meanwhile accuracy of motion is similar in all conditions. Furthermore, it is clear that in case
of higher frequency motions, LUTs have more priority comparing to fixed minimum tension
usage.
Table 4.1: Comparison of fixed minimum tension with DMTC algorithm for α =
1(W r ench onl y) and α= 0.5(W r ench, Er r or )
F (Hz)
Fixed Minimum Tension DMTC (α= 1) DMTC (α= 0.5)
Tmi n (N) Err Var. (mm) Pow.(A) Err Var. (mm) Pow.(A) Pow. Savage Err Var. (mm) Pow.(A) Pow. Savage
1
4 0.305 2.27 0.301 2.09 %7.93 0.299 1.97 %13.22
8 0.261 5.66 0.259 5.20 %8.13 0.259 4.89 %13.60
12 0.224 11.23 0.223 10.24 %8.82 0.222 9.68 %13.80
0.5
4 0.156 2.98 0.154 2.71 % 9.06 0.152 2.43 %18.46
8 0.133 6.87 0.132 6.24 %9.17 0.132 5.58 %18.78
12 0.107 12.68 0.105 11.51 %9.23 0.105 10.19 %19.64
Fig. 4.5.a shows the tension in cables using fixed minimum tension method in motion
frequency of 0.5 Hz and Tmi n=4N. One of the cables always has a tension of 4N; however, the
second one is changing based on the total wrench. In Fig. 4.5.b the tension in cables for α= 1
is illustrated. In this case, the minimum tension is continuously changing based on the total
wrench, and part (c) dedicates to the condition of α = 0.5, where the minimum tension is in
a changing mode in respect to the W r ench and Er r or . The total power which was used for
the same reference for the case of α = 0.5 was the least one; while the accuracy of all three
experiments were similar.
4.4 Summary
In this chapter, we investigated on increasing the performance of cable-driven systems by
changing the minimum tension and active stiffness. A dynamic minimum tension control for
cable-driven parallel robots was proposed and tested on a simplified scenario. Higher ten-
sion in cables results in more stiffness, higher trajectory tracking performance, more precise
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Figure 4.5: Comparision of tension in cables between a. Fixed minimum tension (Tmi n = 4N ),
b. DMTC (α= 1) and c. DMTC (α= 0.5) method
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motion and disturbance rejection. On the other hand, there are always hardware limitations.
Therefore, in case of increasing the tension in cables, saturation may occur. Furthermore,
energy consumption is an important issue in case of robotic applications. We proposed a
method to address this challenge.
This method works based on changing the minimum tension in cables, according to the
stiffness, the system dynamics as a feedforward line, and error value of the system as the
feedback. The minimum tension is increased in case of low W r ench, and reduced when
W r ench value is high. Also based on the feedback data, minimum tension reduces in case
of high accuracy of motion to save energy consumption; however, minimum tension growth
is a good option whenever the error value is high. Using the concept, DMTC algorithm was
proposed.
We used the eigenvalues of the stiffness matrix to evaluate and achieve a minimum level of
the stiffness intensity and two Look Up Tables (LUTs) in relation with error and total wrench.
We offered the ones capable to achieve the same accuracy with less power consumption to
show the superiority of the suggested method.
Experimental results showed that this approach yields large benefits in terms of accuracy
and power consumption. When compared to fixed minimum tension modes, the DMTC al-
gorithm performs much better to gain the same accuracy with less power consumption. One
limitation of this study is that the experimental setup included a single-DOF system, so fur-
ther testing is needed to verify the DMTC concept in application of complex contexts.
U
Chapter 5
Linear quadratic optimal controller for
cable-driven parallel robots
In the previous chapters, we investigated on performance of cable-driven systems consider-
ing stiffness and dexterity indices. A high-level control algorithm can also influence on the
system performance. This chapter aims to design a linear quadratic optimal controller for a
planar cable-driven parallel robot.
First, optimal control is described. Then, the static modeling of the system is presented
and the dynamic equations are obtained in terms of state space equation form. From the
control point of view, an optimal controller is designed and applied by defining a performance
index that accounts for the position and velocity of the end-effector as well as the applied
torques by electric motors during the trajectory tracking. Riccati’s equation is implemented
to minimize the performance index of the controller. Results demonstrate that the application
of the proposed controller leads to high accuracy in the trajectory tracking while the motor-
produced torques are always kept below the design limit.
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5.1 Linear Quadratic Optimal Control
5.1.1 Introduction
Optimal control emerged as a distinct filed of investigation in the 1950s. Beyond the tradi-
tional analytical and computational technique, referring in a unique mode of optimization
problem arising in listing and the control of engineering devices and equipment.
The theory of optimal control is concerned with operating a dynamic system at minimum
cost. The case where the system dynamics are described by a set of linear differential equa-
tions and the cost is described by a quadratic function is called the LQ problem. One of the
main results in the theory is that the solution is provided by the linear-quadratic regulator
(LQR), a feedback controller whose equations are given below. The LQR is an important part
of the solution to the LQG (Linear-Quadratic-Gaussian) problem. Like the LQR problem itself,
the LQG problem is one of the most fundamental problems in control theory [117].
5.2 Statics and dynamics of the system
The Feriba-3 is a 3-DOF planar robot with four cables and a circular end-effector. Each cable
is fixed to the lateral side of the end-effector, which is able to wind around it. The other end
of the cable is wound around a pulley, which is directly connected to a motor shaft. A sheet
of glass is fixed onto the base, and a flux of compressed air is blown toward the glass through
a series of little holes drilled into the lower side of the end-effector to eliminate friction. The
radii of the pulleys are the same as that of the end-effector, which facilitates an easier solution
for the kinematics of the robot. The kinematics and stability of the system has been discussed
in [38], [10]. Fig. 5.1 illustrates the Feriba-3 cable-driven parallel robot.
The static equilibrium of a n–DOF cable-driven robot, manipulated by cables, can be ex-
pressed by the following linear equation system:
ST =W, (5.1)
where S ∈Rn×m is the structure matrix of the robot that is related to the geometrical con-
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figuration of the system,T ∈Rm×1 is the cable tension vector, and W ∈Rn is the wrench acting
on the end-effector. In a force-closure workspace, the vector T can be calculated as follows:
T = S+W + (Im −S+S)z, (5.2)
where Im ∈Rm×m is the identity matrix, z ∈Rm×1 is an arbitrary vector, and S+ = ST (SST )−1 ∈
Rm×n is the under-constrained Moore-Penrose pseudo inverse of S. The first term is the par-
ticular solution and the second one is the homogeneous solution that maps z to the null
space. By choosing z the minimum tension in cables can be changed according to the ap-
plication or necessity. This equation is considered the Cable Tension Calculation (CTC) algo-
rithm. The tension in cables can be achieved by identifying the structure matrix of the robot
and determining the desirable wrench on the end-effector. Once the tension in cables are
estimated, the torque of motors can be calculated by the following equation:
Ti = τi − Ii θ¨i
ri
, i = 1,2, ..,m (5.3)
where Ti ,ri ,τi are tensions in the i th cable, the pulley radius, and the i th motor torque,
respectively. Ii , θ¨i are the moment of inertia and the angular acceleration of the i th pulley. In
the case of four cable-driven robot with 3-DOF, the following results can be obtained:
S =

cos(η1) cos(η2) cos(η3) cos(η4)
si n(η1) si n(η2) si n(η3) si n(η4)
r − r r − r












where ηi is the angle between the x-axis and the i th cable, r is the end-effector and pul-
ley’s radius. FX ,FY , M are the forces and the torque that the mechanism has to generate. A
thin layer of air is always present between the end-effector and the surface, such that the di-
rectional and rotational frictions are ignored because of their very low quantities. To apply
linear quadratic optimal control, the standard dynamic form of the system in terms of state
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Figure 5.1: a. Feriba-3 overall view and b. Statics diagram
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where m and I are the end-effector mass and the moment of inertia, respectively. q1 and
q2 are states of the system corresponding to the linear positions of the end-effector in the X
and Y directions. q4 and q5 are the states related to the velocity of the end-effector in the
X and Y directions. q3 and q6 are the states corresponding to angular position and angular
velocity of the end-effector, respectively. In our system, the values of r,m and I are equal to
3×10−2m, 0.1kg , and 4.5×10−5kg .m2, respectively.
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5.3 Synthesis of the Optimal Controller
A very brief explanation of the LQ optimal control is provided in this section (see [118] for
more details). By definition,
q˙(t )= [q˙1, q˙2, q˙3, q˙4, q˙5, q˙6]T , (5.6)
q(t )= [q1, q2, q3, q4, q5, q6]T ,
A =

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0




0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1m 0 0
0 0 0 0 1m 0
0 0 0 0 0 1I

(5.7)
W (t )= [0,0,0,FX ,FY , M ]T . (5.8)
q˙(t )= Aq(t )+BW (t ) (5.9)
y(t )=C q(t )
Therefore, the actual size of the system state variable is six. For brevity, the dependence
from time has been removed. The matrix C is an identity matrix. The output vector y(t ) is
considered to be a full state vector because of the implementation of the experimental tests.
In other words, y(t ) contains all of the states of the system.
The controller design is based on the LQ optimal control for the modeled system stands
on the state-space form presented in Eq. 5.9. Let us assume that the end-effector is going to
move based on a trajectory with certain velocity and acceleration. The aim is to determine
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W (t ) as the control function to minimize the performance index J , which is the integral of a
quadratic function of the system output variables y(t ) and control function W (t ). However,
we may encounter some error in motion. The performance index is described as follows:
∫ ∞
0
[yT (t )Q y(t )+W T (t )LW (t )]d t =
∫ ∞
0
[qT (t )C T Qq(t )+W T (t )LW (t )]d t , (5.10)
where Q and L are weighting matrices related to the system output and to the control in-
put, respectively. The index considers takes both the tracking error of the end-effector and the
control effort. The first term inside the integral in Eq. 5.10 minimizes the entire error values
related to the linear and angular positions of the end-effector. The second term reduces the
absolute values related to the plant inputs that are the wrenches and are applied as tensions
in cables via Eq. 5.2. Consequently, the performance index J is minimized. If the system input
is regarded as the result of a linear feedback from the output, the following equation can be
written:
W (t )=−K y(t )=−KCq (t ), (5.11)
where the optimal value of is obtained by:
K = L−1B T P, (5.12)
and is achieved by using Riccarti’s equation
− AT P −PA+PBL−1B T P −C T QC = 0. (5.13)
By including the optimal controller, the equations of the system are written as
q˙(t )= (A−BKC )q(t ) (5.14)
y(t )=C q(t )
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Figure 5.2: Block diagram of the control system
Fig. 5.2 shows the block diagram of the designed controller system. The required wrench
quantity is calculated based on the inverse dynamics equations of the system and the con-
troller with respect to the reference. The estimated wrench is inserted to the CTC block that
works based on Eq. 5.2. The CTC calculates the appropriate cable tensions. Based on the
tension values, the torques that should be produced by the electrical motors are calculated
using Eq. 5.3. Both the linear and angular positions as well as the velocity of the end-effector
are obtained using the rotary encoders of motors through forward kinematics in a closed loop
system.
5.4 Experimental results
In this section, the results of experimental tests are provided and discussed to demonstrate
the capabilities of the proposed LQ controller for position and velocity control of the Feriba-3
cable robot. The tuning of the LQ controller depends on the displacement and the velocity
along the X and Y directions as well as on the angular rotation of the end-effector. Our aim is
to track the reference trajectory with the least error in displacement and velocity. To this end,
we considered the optimal control described in the previous section with following weighting
matrices:
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A =

qx 0 0 0 0 0
0 qy 0 0 0 0
0 0 qθ 0 0 0
0 0 0 qv x 0 0
0 0 0 0 qv y 0
0 0 0 0 0 qvθ

(5.15)
The size of diagonal matrices Q and L are [6× 6] and [3× 3], respectively. To synthesize
the optimal controller, the values of the diagonal elements of the matrices Q and L should be
selected properly. Parameters qx , qy , qθ correspond to linear and angular positions, whereas
qv x , qv y , qvθ are related to the linear and angular velocities.
Two different reference trajectories were designed to test the proposed optimal control
algorithm. The first trajectory is a combination of linear and circular trajectory in the X −
Y plane with rotation motion. The end-effector starts from the center of the plane where
(X ,Y ) = (0,0). Then, a motion in the X -direction based on a 3r d order time-function poly-
nomial occurs, which locates the end-effector in the surroundings of a circle where (X ,Y ) =
(R,0). At the next step, a 360-degree counterclockwise circular motion occurs in the X −Y
plane, and the end-effector returns to the former position of (X ,Y ) = (R,0). The last step of
the motion involves another X -direction motion based on a 3r d order time-function polyno-
mial to move the end-effector back to the (X ,Y ) = (0,0). In all periods of the X −Y motion,
the rotation of the end-effector occurs based on a time sinusoidal reference.
The second reference trajectory includes four linear motions in the X − Y plane and a
sinusoidal function of time as the rotational motion. The X −Y linear motions in the X and
Y directions are planned in consideration of a trapezoidal velocity profile. The end-effector
starts from the center of the plane and, after traveling the designed trajectories, returns to the
initial position.
Fig. 5.3.a-c show the reference trajectory and the response of both the closed loop em-
ployed LQ optimal controller and the open loop system for the first reference trajectory in
terms of the linear and angular motion of the end-effector. An open-loop control system is
controlled directly by an input signal without the benefit of feedback. The open-loop control
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Figure 5.3: Comparison of the open loop and the LQ optimal controller for position of circular
reference trajectory (X-Y plane) tracking for a. X-axis, b. Y-axis, and c. sinusoidal rotation θ.
The reference tracking error for the LQ optimal controller in terms of d. X-axis, e. Y-axis and
f. sinusoidal rotation θ
system clearly tracks the reference with high errors. According to Figs. 5.3.d–f, the LQ optimal
controller made the system track the reference efficiently with very low error.
Fig. 5.4.a-c depict the reference trajectory and the results of the response of both the LQ
optimal controller and the open loop system for the trapezoidal velocity reference trajectory
in terms of the linear and angular motion of the end-effector. Similarly to the former exper-
iment, the open loop application presents unsatisfactory results, whereas employing the LQ
optimal controller results in a good level of trajectory tracking in terms of displacement and
velocity. The errors of trajectory tracking are very small, as illustrated in Figs. 5.4.d–f.
The cable tensions in four cables through circular and trapezoidal trajectories are shown
in Figs. 5.5 and 5.6. The minimum tension in cables was set to 0.5 N. The motors have a
maximum torque of 3.5 N. According to these figures, the overall torque applied to control
the cable-driven parallel robot for each motor does not exceed the range of 1.8 N, which is
much lower than the desired limit (3.5 N) for both circular and trapezoidal trajectories.
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Figure 5.4: Comparison of the open loop and the LQ optimal controller for trapezoidal refer-
ence trajectory for a. X-axis, b. Y-axis, and c. sinusoidal rotation θ. The reference tracking
error for the LQ optimal controller in terms of d. X-axis, e. Y-axis and f. sinusoidal rotation θ
5.5 Summary
High-level control algorithms can play an important role in performance of cable-driven par-
allel robots. Linear quadratic (LQ) optimal controllers can provide all the states of the system
for the feedback, including velocity and position, in addition to optimal results which is quite
desirable in cable-driven systems.
In this work, a linear quadratic (LQ) optimal controller for both position and velocity of a
parallel cable-driven robot was designed and experimentally tested. The static and dynamic
modeling of the parallel cable-driven robot were described, and the state equations of the
system were developed to implement the controller on the system.
The application of the proposed control scheme led to the minimization of the perfor-
mance index by considering both the tracking error and output variables of the system to
minimize the control effort. Riccati’s equation was used to obtain the optimal value of the ca-
ble tensions. Appropriate weights were associated with the most significant elements of the
output vector, which are linear and angular positions and velocities of the end-effector.
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Figure 5.5: Cable tension in four cables for circular reference trajectory (X-Y plane) and sinu-
soidal rotation
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Figure 5.6: Cable tension in four cables for trapezoidal trajectory and sinusoidal rotation
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The designed controller was experimentally tested on the circular position and trape-
zoidal velocity trajectories for both linear and angular displacements. The performance of
the controller was compared to the performance of the open loop controller. The results are
quite satisfactory, and the synthesized LQ optimal controller proved to be efficient for both
linear and angular position tracking within the desired time. Furthermore, the torques ap-
plied on the cables were always kept well-below the designed limit.
U
Chapter 6
Conclusion and Further Work
Cable-driven parallel robots are a type of parallel manipulators in which the end-effector is
supported in parallel by cables. Low structural weight, high acceleration, and large workspace
are some important advantages of cable-driven devices over their rigid-link counterparts.
Adaptive cable-driven parallel robots are defined as those cable-driven systems where in the
locations of some pulley blocks is controlled as a function of the end-effector pose to optimize
given performance indices within a target workspace.
This research study is dedicated to investigate on trajectory planning and control of adap-
tive and traditional cable-driven parallel robots to achieve higher performance.
Adaptive cable-driven parallel robots have augmented kinematic redundancy compared
to traditional cable-driven systems with equal number of cables. As a result, the inverse kine-
matics problem of such robots may have more solutions compared to the traditional cable-
driven parallel robots. The motivation of this study is to introduce a systematic methodology
to use the augmented kinematic redundancy to increase robot performance. Depending on
the application, the most efficient solution can be determined based on one or more perfor-
mance indices.
In this study, the end-effector motion is considered quasi-static and the active stiffness is
ignored. Furthermore, cable orientation adaptation is a proper method to improve stiffness
index in wider regions of the workspace, because typical settling time of a mechanical system
is much higher than that of motor torques; however, this adaptability cannot provide fast
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changes in stiffness, which may be necessary to face external noises.
Two important performance indices, dexterity and elastic stiffness were considered simul-
taneously. The dexterity index defines the kinematic behavior of a robot. The elastic stiffness
can affect trajectory tracking, disturbance rejection and vibrations of a system. The best fea-
sible elastic stiffness while keeping ideal dexterity was investigated for three different designs
of adaptive-cable driven parallel robots and as a result, the related configuration of cables and
pulley blocks were obtained. The same method was applied for the case of a 3-DOF adaptive
cable-driven robot with moving pulley blocks on a circle.
A configuration of cables and pulley blocks were proposed to run the system under the
ideal dexterity and at the same time approximately isotropic elastic translational stiffness. On
the other hand, the best possible dexterity while keeping ideal isotropic stiffness was studied
and related equations were presented. The proposed method reduces the feasible configura-
tion of cables and pulley blocks to a unique solution and taking advantages of more redun-
dancy.
In non-adaptive design of cable-driven parallel robots, the elastic stiffness and dexterity
indices are unchangeable for a certain position of end-effector due to fixed length and orien-
tation of cables. Only the active stiffness can be changed by modifying the tension in cables.
Another part of this study is dedicated to control the minimum tension and active stiff-
ness. Higher tension in cables results in more stiffness, higher trajectory tracking perfor-
mance, more precise motion and disturbance rejection. On the other hand, there are always
hardware limitations. Therefore, in case of increasing the tension in cables, saturation may
occur. Furthermore, energy consumption is an important issue in case of robotic applica-
tions.
Important factors influencing on system performance such as active stiffness, total wrench
and transverse vibration were studied and Dynamic Minimum Tension Control (DMTC) was
proposed. This method works based on changing the minimum tension in cables, according
to the stiffness, the system dynamics as a feedforward line, and error value of the system as
the feedback. The minimum tension is increased in case of low Wrench, and reduced when
Wrench value is high. Also based on the feedback data, minimum tension reduces in case of
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high accuracy of motion to save energy consumption; however, minimum tension growth is a
good option whenever the error value is high.
Controllers can affect the system performance. This study presents an approach to ap-
ply the optimal controller on cable-driven parallel robots. The results of applying a linear
quadratic optimal controller on parallel cable-driven robot were presented for both position
and velocity control. Riccati’s equation was used to obtain the optimal value of the cable ten-
sions. Appropriate weights were associated with the most significant elements of the output
vector, which were linear and angular positions and velocities of the end-effector. The de-
signed controller was experimentally tested on the circular position and trapezoidal velocity
trajectories for both linear and angular displacements. The establishment of the proposed
control scheme led to the minimization of the performance index by considering both the
tracking error and output variables of the system to minimize the control effort.
The performance of the controller was compared to the performance of the open-loop
system. The results are quite satisfactory, and the synthesized linear quadratic optimal con-
troller proved to be efficient for both linear and angular position tracking within the desired
time. Results demonstrate that the application of the proposed controller leads to high accu-
racy in the trajectory tracking.
One limitation of this study is that the experimental setup included simple test beds, so
further testing is needed to verify the DMTC and linear quadratic optimal control in applica-
tion of complex contexts. Also, active stiffness and highly dynamic motion trajectories can be
considered in future studies of adaptive cable-driven parallel robots.
U
Appendix A
Transverse Vibration Analysis of an Axially
Accelerating Cable in Application of
Cable-Driven Parallel Robots
Vibration is a significant factor, which can affect on system performance. In this appendix,
transverse vibration equation of a cable in motion was solved using four term approximation
Galerkin method, and ode45. The vibration of a point at the middle of the cable for three
different tension values was estimated. Results were experimentally validated on a system
with two DC motors and pulleys with a cable attached them. The amplitude and frequency of
vibrations were compared, showing the higher tension in cables results in less amplitude of
transversal vibration. This concept can be useful in cable-driven robots, where increasing the
minimum tension in cables may lead to achieving better trajectory tracking performance, due
to less vibration amplitude. The latter approach was tested on a 1-DOF cable-driven robot,
and the results confirmed that higher minimum tension in cables can generate more accurate
motion of the end-effector.
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Figure A.1: A system of a cable in motion with transverse vibration
A.1 Transverse Vibration of a Cable in Motion
To model the transversal vibration of a cable in motion, let us consider the system in Figure A.1
which is a combination of two pulleys and a cable attached to them, unrolling from one, and
rolling to the other. The cable moves with the velocity of V which can be a function of time,
and V˙ is the acceleration of the cable. Parameters R, L, A, ρ and E are respectively pulley
radius, cable length, cross sectional area, mass per unit of length, and Young’s modulus. P(t),
F(x,t), and y(x,t) represent tension in cable, external force per unit length of the cable, and the
transverse vibration of the cable.
Transverse vibration of a cable in motion can be formulated as [77]:






Various numerical techniques were applied to solve the differential equations. In this
study, we used the Galerkin method, which is widely used in cable vibration analysis. The




φi (x)qi (t ). (A.2)
Where φi (x) can be considered as si n(ipix/L) which is the ith eigenfunction of the simply
supported stationary string[74], and qi (t ) is a time dependent function of displacement. By
substitution of equation (A.2) in (A.1), the residual can be calculated as the following expres-











































In the next step, the residual is minimized by multiplying with a weight function, and




RW j (x)d x = 0, W j (x)= si n( jpix
L
), j = 1,2,3, ...,n. (A.4)
By the integration over the domain, for a four term approximation, it can be gained:

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To solve the equation (A.5), we used ode45 (Matlab) which implements versions of 4th/5th-
order Runge-Kutta method [119]. Velocity, acceleration, and tension in cables can be chosen
arbitrary which results in different transverse vibration profiles; however, validating the re-
sults with experimental setup especially in case of numerical solution is an important issue,
which was not implemented in other research studies.
There are always some limitations for the experimental setup. For example, using a con-
troller to make the system follow a special reference can result in some vibrations. We have
used a constant value of tension, and a fixed acceleration in the cable, which can be very con-
venient to implement in case of validating data by a real system. So the equation was solved
for three cases of 6, 10, and 14 N as fixed tensions in cable, and a constant motion acceleration
of 1.72 m/s2.
A.2 Experimental Setup and Validation
To validate the numerical results, a system composed of two DC motors with pulleys con-
nected to a cable was built (Figure A.2.a). Two rotational encoders were used to measure the
rotation of the motors. This plant was connected to a PC via a PCI Multifunction I/O Senso-
ray626 board to control the system by Matlab and Simulink RTWT.
A high frequency Pike F032B ASG16 camera with the Phlox high bright LED backlight was
used to take the cable vibration frames. To gain an acceptable resolution a telecentric lens,
and focal length multiplier were connected to the camera. The system was tuned to take nar-
row frames from middle of the cable. The frames were received with 9.3 pixel per millimeter
and 1500 FPS (Frames Per Second). A black/white filter was implemented on the frames, and
vibration of the cable was estimated using an image processing algorithm. A sample image
and the filtered one are illustrated in Figure A.2.b.
As it was mentioned, to avoid any kind of noise and vibration, no closed-loop controller
was used. In this experiment, we kept a fixed value of the tension F in the cable. To esti-
mate the tension, dynamics of the system was formulated. Negelecting the mass of the cable
around the pulley, and considering the similarity of two pulleys, necessary torque of motors
can be obtained from following equation based on the direction of motion. A more precise
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Figure A.2: a. Experimental setup for measuring the transverse vibration of an axially acceler-
ating cable, b. Sample frame from middle of the cable before and after the image processing
filter
comparision is illustrated in Table A.1.
F = T ± I θ¨
r
(A.6)
where I is the pulley inertia, T is motor torque and r is pulley radius. A simulink file was
used to generate the fixed tension in the cable. To refuse any kind of pre-motion vibration,
the system starts with equal torques from both motors for 40 seconds, and after stabilizing
the system, the motion starts by increasing torque in one motor. Results are illustrated in Fig-
ure A.3 which shows good matching between numerical and experimental data. It is clear that
the amplitude of vibration is decreased by increasing tension in the cable, while the frequency
of vibration is increasing.
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Figure A.3: Experimental and theoretical results of transverse vibration of the cable for the
case of 6, 10, and 14 N as tension in the cable
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Table A.1: Frequency and transverse variation of the cable in motion with different tensions




A.3 Application to Cable-Driven Robots
Results show that increasing the minimum tension in cables can lead to dramatic reduction
in vibration amplitude. The findings can play an important role in the case of cable-driven
robots. Increasing minimum tension in cables, i.e. increasing tension in all cables, will lead
to less cable vibration amplitude and better accuracy of motion.
In parallel cable-driven robots, all the cables are connected to the end-effector, and vi-
brations can be transferred easily, which can result in high tracking errors. Also, cables with
higher tension are more stiff, consequently, less deviation happens in presence of external
forces and noise, and controller-induced vibrations are less likely to happen.
So, we can increase the minimum tension in cables to have a more stiff, stable and accu-
rate system. One major limitation to this approach is related to saturation of actuators, so a
compromise between stiffness and force performance will be chosen.
To validate this approach, we used a 1-DOF cable-driven robot with two DC motors and
a slider (end-effector). One linear and two rotational encoders were used to measure the po-
sition of the slider, and motors rotation. Using the linear encoder, we gain more precise data
about the end-effector position, to check the accuracy of the system. The robot is illustrated
in Figure A.4.
A periodic, fifth degree polynomial reference with fixed amplitude of (35mm), and various
frequencies (0.5, 1 and 2H z) was used, and a PID controller was tuned in order to control
the system. The motion was tested with three different minimum tensions: 6N , 10N and
14N . The results are shown in Table A.2. To compare different conditions, the variance of
position error and the average tension in cables were used. The former was calculated as the
variance of the difference between reference and actual (linear encoder) positions. The latter
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Figure A.4: 1-DOF cable-driven robot, with two DC motors, end-effector and encoders
was calculated as the average of both cable tensions. Measures were repeated during ten
periods (i.e., twenty travels of the slider). By increasing the minimum tension in cables, less
error variance (better accuracy) was achieved; however, average tension in cables increased.
Table A.2: Comparison of different fixed minimum tension effect on accuracy and average
tension of the system
Frequency (Hz) Minimum Tension (N) Error Var. (mm) Ave. Tension in Cables (N)
6 N 0.145 8.87
0.5 10 N 0.128 12.82
14 N 0.101 16.80
6 N 0.288 8.94
1 10 N 0.231 13.01
14 N 0.212 16.98
6 N 0.384 10.71
2 10 N 0.357 16.19
14 N 0.314 20.32
Figure A.5 shows the tension in cables for a motion with frequency of 0.5 Hz in a two-
second period of motion. In (a) the minimum tension is always set to be 6 N, however, in (b),
(c), they were set to be 10, 14N respectively. So in half of the period, one motor produces a
minimum tension; however, the second motor produces motion torque, and in the next half
of the period, the roles are changed. It is clear that, by increasing the minimum tension, power
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Figure A.5: Tension in cables for a motion with frequency of 0.5 Hz in a two-second period of
motion
consumption will grow, which is not desirable.
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